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a b s t r a c t

Direct contact membrane distillation (DCMD) can desalinate saline waters using low-grade heat and is
thus economically attractive when low-temperature thermal energy is readily available. Coupling DCMD
with a heat exchanger (HX) can significantly enhance the energy efficiency of the process by recovering
the latent heat accumulated in the permeate (distillate) stream. This study evaluates the mass recovery
rate (i.e., fraction of feed water recovered), γ, and the specific heat duty (i.e., energy input per unit mass of
product water), β, of DCMD desalination using low-grade heat coupled with HX. Mass and heat transfer
in DCMD and HX were modeled at the module scale and thermodynamic analysis of the system was
performed. The relative flow rate (between the permeate and feed streams), α, was found to be a critical
operation parameter to optimize process performance, regardless of the mass and heat transfer kinetics.
Both numerical evaluation and analytical analysis reveal a critical relative flow rate, αn, that demarcates
DCMD operation between a permeate limiting regime (when αoαn) and a feed limiting regime (when
α4αn), when mass transfer kinetics are not limiting. Similarly, we identified mass-limited and
temperature-limited heat recovery regimes in the HX that are dependent on α. Our analysis shows that
the highest γ and lowest β achievable are solely determined by the thermodynamic properties of the
system and always occur at the critical relative flow rate, αn. For example, the thermodynamic limits for γ
and β are 6.4% and 27.6 kJ kg�1, respectively, for seawater desalination by single-pass DCMD at 60 1C
with HX. However, in practical operation, as the DCMD membrane area and permeability cannot be
infinitely large, the process is in a mass-transfer-limiting-regime and performance departs from the
thermodynamic limits. Lastly, we demonstrate that heat transfer across a thermally-conductive DCMD
membrane further reduces the recovery rate and energy efficiency of the process. The findings from this
study have important implications for optimization of the DCMD process and for serving as criteria to
assess process performance.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

Membrane distillation (MD) is a thermal separation process
with a broad range of potential applications, including seawater
desalination, treatment of high salinity brines, wastewater reuse,
food processing, and biomedical applications [1,2]. More recently,
MD has also been proposed as a key thermal separation compo-
nent in hybrid membrane systems for wastewater treatment [3,4],
conversion of low-grade thermal energy to electricity [5], and
protein purification [6]. General advantages of MD include high
rejection of non-volatile components, low operation pressure

compared to reverse osmosis, low operation temperature and
smaller foot print compared to conventional thermal separation
processes [7]. The application of MD is particularly attractive when
low-grade waste heat [8] or renewable thermal energy is readily
available [9].

The operation of MD relies on the use of a hydrophobic
membrane that serves both as the barrier for mass transfer of
the liquid phase, and as the medium for mass transfer of the vapor
phase [1,10]. In direct contact membrane distillation (DCMD), a
microporous hydrophobic membrane is employed to separate a
hot liquid stream (feed) and a cold liquid stream (permeate or
distillate) [11,12]. The temperature difference between the feed
and the permeate streams results in a difference in partial vapor
pressure of water at the membrane–liquid interface, which is the
driving force for the mass transfer across the membrane. In DCMD,
there is no apparent phase transition because both the vaporiza-
tion and the condensation occur microscopically within the
porous membrane matrix. However, other MD configurations

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/memsci

Journal of Membrane Science

0376-7388/$ - see front matter & 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.memsci.2013.11.016

Abbreviations: MD, membrane distillation; DCMD, direct contact membrane
distillation; HX, heat exchanger; PLR, permeate limiting regime (in MD); FLR,
feed limiting regime (in MD); MTLR, mass transfer limiting regime (in MD);
PR, performance ratio, or mass of distillate (in kg) produced per 2326 kJ heat input

n Corresponding author. Tel.: þ1 203 432 2789; fax: þ1 203 432 4387.
E-mail address: menachem.elimelech@yale.edu (M. Elimelech).

Journal of Membrane Science 453 (2014) 498–515

www.sciencedirect.com/science/journal/03767388
www.elsevier.com/locate/memsci
http://dx.doi.org/10.1016/j.memsci.2013.11.016
http://dx.doi.org/10.1016/j.memsci.2013.11.016
http://dx.doi.org/10.1016/j.memsci.2013.11.016
http://crossmark.crossref.org/dialog/?doi=10.1016/j.memsci.2013.11.016&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.memsci.2013.11.016&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.memsci.2013.11.016&domain=pdf
mailto:menachem.elimelech@yale.edu
http://dx.doi.org/10.1016/j.memsci.2013.11.016


involve an observable, macroscopic condensation process, either
inside the module as in air-gap MD (AGMD) [13], or in an external
condenser as in sweeping-gas MD (SGMD) [14] and vacuum MD
(VMD) [15]. DCMD is more suitable for desalination compared to
SGMD or VMD if the solutes are non-volatile and the solvent
(water) is the permeate [2]. Due to its relative simplicity for both
experimental setup and industrial implementation, and its applic-
ability for desalination, DCMD has been most intensively studied
among all MD configurations [16].

In DCMD, mass and heat transfers occur simultaneously across
the membrane. While the mass transfer is driven solely by the
trans-membrane partial vapor pressure difference, there are two
major pathways for heat transfer: convective heat transfer carried
by the vapor flux and conductive heat transfer via the membrane/
vapor matrix [17]. Numerous studies have been conducted on
modeling the DCMD process, with the majority devoted to under-
standing the coupled mass and heat transfer across the membrane
and the membrane–liquid boundary layers [17–24]. Bench-scale
studies with membrane coupons have also been carried out to
corroborate the theoretical findings [18,21,25–29].

Comparatively, few studies have been reported on modeling
DCMD at a module scale [30–34]. Module scale modeling is
important, not only because in practice DCMD operates in mod-
ules, but also because it is necessary for estimating the energy
efficiency for a DCMD system coupled with heat exchanger (HX)
for heat recovery, which cannot be obtained from analysis of local
mass and heat transfer alone. Implementation of HX to recover the
latent heat of vaporization is critical for the DCMD process to
become energy efficient [35].

In this paper, we carry out a module scale thermodynamic
analysis of DCMD that fully incorporates the simultaneous heat
and mass transfer processes. The analysis is first performed with
only intrinsic heat transfer through a perfectly thermal-insulating
MD membrane to identify the thermodynamic limits of the
process. The efficacy of implementing an HX to recover the
accumulated heat in the permeate stream effluent is also quanti-
fied by solving the mass and heat transfer equations in the coupled
MD–HX system. Lastly, conductive heat transfer in an actual
system is incorporated into the module analysis by employing
thermally-conductive MD membranes, to examine the detrimental
impact of heat conduction on the mass recovery rate and overall
heat efficiency of the MD–HX system. Our analysis provides

important insights into the thermodynamic limits of the DCMD
process and the resulting impact on mass recovery and energy
efficiency.

2. Theoretical development

2.1. System overview of direct contact membrane distillation with
heat exchange

A schematic diagram of an MD–HX system for seawater
desalination is presented in Fig. 1A. The influent feedwater S0
(with mass flow rate Q0 and temperature T0) enters the HX as the
cold stream. The MD permeate effluent S4, which accumulates the
latent heat of vaporization and is thus hot, enters the HX as the hot
stream. Note that both the MD and HX modules operate in a
counter-current flow mode to maximize the efficiency of mass and
heat transfer, respectively. Heat is exchanged from the hot stream
S4, which is cooled to S5 in the process, to the cold feedwater
stream S0, which warms up to S1 in the HX. The effluent
temperature T1 of the cold stream in HX may be still lower than
the working temperature TH (i.e., temperature of the heat source)
specified for the MD feed, in which case extra heat has to be
supplied by an external heat source to bring T1 to the influent
temperature of the MD feed (T2¼TH). In a well-designed MD
module, the majority of the heat in the feed will be transferred
to the permeate stream by both convective and conductive heat
transfer and the effluent of the MD feed will cool down consider-
ably. For a desalination process, the concentrated effluent of the
MD feed (S3) can either be released from the system as a waste
stream, or it can be recycled as the influent.

The effluent stream of the MD permeate, which accumulates
the heat transferred from the MD feed, enters the HX as the hot
influent stream, S4. The HX hot stream cools down from T4 to T5 by
giving up heat to the cold feed stream. The amount of water
transferred from the MD feed to the MD permeate as vapor is then
taken as product water (S7) from the effluent of the HX hot stream
(S5). The remaining portion of the HX hot stream effluent is then
recirculated back to the MD module as the permeate influent (S8),
which serves as both the coolant and the vapor collector in a
DCMD process. In a well-designed MD–HX system, where mass
and heat transfer are not limiting, the effluent temperature of the

Fig. 1. (A) Schematic diagram of the membrane distillation–heat exchanger (MD–HX) system. (B) Flow rate and temperature change in a differential segment of the MD
module. (C) Flow rate and temperature change for the entire MD module. In these diagrams, Q and T represent the mass flow rate and the temperature of the various
streams, respectively. In (A), the numeric subscripts represent the different streams in the MD–HX system, where stream S0 being the feed, stream S3 the brine (retentate),
and stream S7 the product water. The information on each stream Si includes the mass flow rate Qi and temperature Ti. In (B) and (C), the subscripts F and P represent the feed
and permeate (distillate), respectively, and the superscripts f and 0 represent the final and initial conditions, respectively.
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HX hot stream (T5¼T6) should be close to the temperature of the
heat sink (TC). Otherwise, the surplus heat needs to be surrendered
to the heat sink to further decrease the temperature from T6 to
that of the influent of MD permeate (T8¼TC) in order to maintain
maximum possible driving force in the MD operation and steady
state operation.

In this study, we simplify the heat source as a device that brings
the temperature of a stream (oTH) to the specified heat source
temperature, TH, by providing the corresponding amount of heat
qH. Likewise, the heat sink is simplified as a device that brings the
temperature of a stream (4TC) to the specified heat sink tem-
perature, TC, by extracting the corresponding amount of heat, qC.
The simplified heat source and heat sink can also be considered as
a heat reservoir of constant temperature as often assumed in
thermodynamic analyses. In actual operation, employing non-
ideal heat exchangers to transfer energy would necessitate a finite
temperature difference between the streams to maintain an
adequate driving force. Therefore, in practice, TH will be lower
than the real temperature of the incoming heating stream, and TC
will be higher than the real temperature of incoming cooling
stream.

2.2. Local mass transfer in the MD module

For each differential segment of the MD module (Fig. 1B), the
local mass balance can be described as

dQF ðxÞ
dx

¼ dQPðxÞ
dx

¼ AMD

LMD
JmðxÞ ð1Þ

where QF(x) and QP(x) are the mass flow rates of the feed and
permeate streams at axial position x in the MD module, respec-
tively, AMD is the total membrane area in the MD module, LMD is
the length of the MD module, and Jm(x) is the local trans-
membrane mass flux. The latter is determined by both the driving
force and permeability of the membrane.

Although the mechanistic driving force for trans-membrane
mass transfer is the partial vapor pressure difference ΔPW, it is
more convenient to use the temperature difference ΔT as the
proxy driving force for this analysis. Note that ΔPw is not strictly
linear with ΔT based on the Clausius–Clapeyron relation or on the
Antoine equation; however, the linearization approximation is
sufficient when ΔT is not too large [17], which is readily satisfied
in most well-designed DCMD systems. We can thus relate the local
mass flux Jm(x) to the local bulk temperatures of the feed, TF(x),
and the permeate, TP(x), using a phenomenological relation

JmðxÞ � Km;MD½TF ðxÞ�TPðxÞ�ΔTthðxÞ� ¼ Km;MD½ΔTðxÞ�ΔTthðxÞ� ð2Þ
where Km,MD is the empirical mass transfer coefficient in the
DCMD process, ΔT(x) is the bulk temperature difference between
the feed and the permeate at position x, and ΔTth(x) is the
threshold temperature difference which is discussed later. It
should be noted that Km,MD accounts for the permeability of the
membrane as well as the effect of the flow hydrodynamics on
mass transfer and is thus also a property of the operation
conditions. Even though Km,MD is not an intrinsic property of the
membrane and may vary along the membrane module, using an
empirical mass transfer coefficient in our modeling is advanta-
geous because (i) it can be directly calculated from experimental
results (from the slope of Jm as a function of ΔT) and (ii) the effect
of temperature polarization (TP) is already accounted for in the
Km,MD. On the other hand, the assessment of ΔPW requires the
knowledge of the degree of TP, which is more difficult to estimate
accurately along the membrane channel and renders the theoretical
analysis unnecessarily unwieldy.

The ΔTth(x) term in Eq. (2) is the threshold temperature
difference, which accounts for the fact that the presence of solute

in the feed solution lowers the partial vapor pressure of water at
the feed–membrane interface [36]. The trans-membrane partial
vapor pressure difference vanishes when ΔT reaches ΔTth(x) and
mass transfer no longer occurs. Mathematically, ΔTth(x) is given by

ΔTthðxÞ ¼ Tn

F ðxÞ�TPðxÞ ð3Þ
where Tn

F ðxÞ is the threshold feed temperature defined such that

pW ðCðxÞ; Tn

F ðxÞÞ ¼ pW ð0; TPðxÞÞ ð4Þ
here pW is the partial vapor pressure of water as a function of
temperature and solute concentration, and C(x) is the solute
concentration of the feed at position x. That is, the feed stream
at temperature Tn

F and concentration C has the same partial vapor
pressure as the permeate (distillate) stream (C¼0) at temperature
Tp. The equality expressed in Eq. (4) represents the condition of
zero driving force. Similarly, ΔTth(x) can also be defined as

ΔTthðxÞ ¼ TF ðxÞ�Tn

PðxÞ ð5Þ
where Tn

PðxÞ is the threshold permeate temperature defined such
that

pW ðCðxÞ; TF ðxÞÞ ¼ pW ð0; Tn

PðxÞÞ ð6Þ
We note that although the effect of TP can be accounted for by

using an empirical Km,MD that relates Jm(x) to ΔT, ΔTth(x) is defined
based on the bulk temperatures, which implicitly assumes the
absence of TP and is thus valid only when TP is negligible. In other
words, with TP in actual practice, ΔTth(x) should be larger than
what is calculated using Eqs. (3) and (4) (or (5) and (6)) to an
extent that depends on the actual degree of TP.

2.3. Local heat transfer in the MD module

2.3.1. Heat transfer across the membrane
Heat transfer in MD involves simultaneous convective and

conductive transfer mechanisms. At any axial location along the
MD module, the heat flux, qm, which is constant across the
membrane (direction z) at steady state, is given by [19]

qm ¼ JmhV ðTðzÞÞ�kc;MD
dTðzÞ
dz

ð7Þ

where Jm is the mass flux of vapor as given by Eq. (2), hV is the
specific enthalpy of vapor, which is a function of temperature, and
kc,MD is the heat conductivity of the membrane–vapor matrix,
which includes contributions from the vapor/air and membrane
material.

The enthalpy of the vapor as a function of temperature can be
expressed as

hV ðTÞ ¼ hV ðT0Þþ
Z T

T0

cp;V dT ð8Þ

where hV(T0) is the specific enthalpy of vapor at reference
temperature T0 and cp,V is the specific heat of the water vapor.
Another way to interpret hV(T) that better reflects the process of
evaporation is to view it as the sum of the specific enthalpy of
vaporization of pure water hvap,W(T) and the enthalpy of the liquid
water hL,W(T):

hV ðTÞ ¼ hvap;W ðTÞþhL;W ðT0Þþ
Z T

T0

cp;L dT ð9Þ

where hL,W(T0) is the enthalpy of liquid water at reference
temperature T0 and cp,L is the specific heat of the liquid water.
The reference temperature T0 is assumed to be 0 1C, such that
hL,W¼0 [37].

In the temperature range usually encountered in MD, the heat
capacities of the liquid, cp,L, and the vapor, cp,V, can be treated as
constants, so that Eqs. (8) and (9) can be simplified to linear
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functions of the temperature:

hV ðTÞ � hV ðT0Þþcp;V ðT�T0Þ ð10Þ
and

hL;W ðTÞ ¼ hL;W ðT0Þþcp;LðT�T0Þ ð11Þ
By solving Eq. (7) using the linear form of hV(T) as given by Eq.
(10), the constant heat flux can be written as a function of the
mass flux and the temperatures of the feed and of the permeate

qm ¼ Jm A�TFexpðBJmÞ�TP

expðBJmÞ�1
cp;V

� �
ð12Þ

where A is constant defined as

A¼ hV ðT0Þ�cp;VT0 ð13Þ
and B is a parameter given by

B¼ cp;Vδ
kc;MD

ð14Þ

with δ being the thickness of the membrane.
Using Eqs. (7), (10), and (12), the conductive heat transfer at the

permeate–membrane interface, ζP, can then be written as

ζP ¼ �kc;MD
dT
dz

����
T ¼ TP

¼ qm� JmhV ðTPÞ ¼
Jmcp;VexpðBJmÞ
expðBJmÞ�1

ðTF�TPÞ

ð15Þ
Although not explicitly expressed here, TF, TP, and Jm are local
variables that depend on the axial position x along the module.
Similarly, the conductive heat transfer at the feed–membrane
interface, ζF, can be expressed as

ζF ¼ �kc;MD
dT
dz

����
T ¼ TF

¼ qm� JmhV ðTF Þ ¼
Jmcp;V

expðBJmÞ�1
ðTF�TPÞ ð16Þ

Note that as long as the conductive heat transfer is in the same
direction as the mass flux, exp(BJm) is always greater than 1. The
difference between the conductive heat transfers at the permeate–
membrane interface and the feed–membrane interface, Δζ, is
given by

ΔζðJm; TF ; TPÞ ¼ � kc;MD
dT
dz

����
T ¼ TP

�kc;MD
dT
dz

����
T ¼ TF

 !
¼ Jmcp;V ðTF�TPÞ

ð17Þ
which is the difference between the enthalpy of vapor at TF and
that at TP, according to Eqs. (7) and (10).

The implication of Eq. (17) is that conductive heat transfer is
not only inevitable in practice (i.e., even with a perfectly insulating
membrane material, the vapor itself is still conductive), but it is
also a necessary condition for the mass transfer to occur. In the
extreme case where the membrane is extremely insulating (e.g.,
δ-1 or kc,MD-0), there will be almost no conductive heat
transfer at the feed–membrane interface, but the conductive heat
transfer at the permeate–membrane interface is then equal to Δζ
given by Eq. (17).

2.3.2. Heat flow along the MD module
To model the simultaneous heat and mass transfer along the

MD module, we couple the heat flux across the membrane with
the axial heat flows in the feed and permeate channels. In any
differential segment, the heat flux arriving at the permeate stream
is simply qm as described by Eq. (12). The arriving heat flux
consists of three components: (i) enthalpy of condensation, which
is exactly the same as the specific enthalpy of vaporization at the
same temperature (i.e. hvap,W(T)); (ii) the inherent enthalpy of the
liquid water transferred to the permeate (hL,W(T)¼hL,W(T0)þ
cp,L(T�T0)); and (iii) the conductive heat transfer (ζP) as given by
Eq. (15).

The net change in total enthalpy of the permeate in a differ-
ential segment of the membrane channel is therefore

d½QPðxÞhLð0; TPðxÞÞ�
dx

¼ dQPðxÞ
dx

½hvapð0; TPðxÞÞþhLð0; TPðxÞÞ�þ
AMD

LMD
ζPðxÞ

ð18Þ
For universality, hereinafter we replace hvap,W(T) with hvap(0,T),
where hvap(C,T) is the specific enthalpy of vaporization of an NaCl
solution of concentration C (in molality, mol kg�1) at temperature
T (C¼0 for pure water in permeate). We also rewrite the specific
enthalpy of pure liquid water in the form of the specific enthalpy
of the NaCl solution hL(C,T), with the concentration of NaCl being
0. The QP(x) is included in the differential in Eq. (18) because the
permeate flow rate changes along the module due to mass
transfer.

Similar to Eq. (18), we can write an equation for the local
energy balance accounting for the three heat transfer contribu-
tions at the feed–membrane interface:

d½QF ðxÞhLðCðxÞ; TF ðxÞÞ�
dx

¼ dQF ðxÞ
dx

½hvapðCðxÞ; TF ðxÞÞþhLð0; TF ðxÞÞ�þ
AMD

LMD
ζF ðxÞ

ð19Þ
where hL(C(x),TF(x)) is the specific enthalpy of the feed NaCl
solution at concentration C(x) and temperature TF(x), and hL(0,
TF(x)) is the specific enthalpy of pure liquid water at feed
temperature TF(x). Note that the second term on the right-hand-
side is hL(0,TF(x)) instead of hL(C(x),TF(x)) as on the left-hand-side,
because vapor leaving the feed solution contains no salt; that is, if
the vapor is condensed at the same temperature TF(x), the inherent
specific enthalpy carried by the condensed liquid is hL(0,TF(x)). We
also note that the heat flux leaving the feed is slightly larger than
qm as the enthalpy of vaporization is hvap(C(x),TF(x)) instead of
hvap(0,TF(x)), due to the presence of solute in the feed.

2.4. Coupling heat transfer and mass transfer in the MD module

The distributions of mass flow rates, QF(x) and QP(x), and of
temperatures, TF(x) and TP(x), can be obtained by solving a system
of four differential equations given by Eq. (1) (comprising both the
feed and permeate sides), which represents the mass transfer, and
Eqs. (18) and (19), which represent the heat transfer. All other
thermodynamic properties involved in the equations (e.g., hvap, hL,
and cp,L) are functions of temperature T(x) and/or NaCl concentra-
tion C(x), which, in turn, are dependent on the local flow rates
based on mass balance.

With the phenomenological equation relating the trans-
membrane mass flux and the temperature difference (Eq. (2)),
we can rewrite the system of the governing differential equations:

dQF ðxÞ
dx

¼ AMD

LMD
Km;MD½TF ðxÞ�TPðxÞ�ΔTthðxÞ� ð20� AÞ

dQPðxÞ
dx

¼ AMD

LMD
Km;MD½TF ðxÞ�TPðxÞ�ΔTthðxÞ� ð20� BÞ

d½QF ðxÞhLðCðxÞ; TF ðxÞÞ�
dx

¼ dQF ðxÞ
dx

½hvapðCðxÞ; TF ðxÞÞþhLð0; TF ðxÞÞ�þ
AMD

LMD
ζF ðxÞ

ð20� CÞ

d½QPðxÞhLð0; TPðxÞÞ�
dx

¼ dQPðxÞ
dx

½hvapð0; TPðxÞÞþhLð0; TPðxÞÞ�þ
AMD

LMD
ζPðxÞ

ð20� DÞ
We note that Eqs. (20-C) and (20-D) are the same as Eqs. (19) and
(18), respectively. The repetition with new equation numbers is to
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facilitate the construction of a coherent system of equations
(Eqs. (20-A)–(20-D)) that includes all the governing equations for
mass and heat transfer.

In the ideal scenario where the membrane is perfectly thermal-
insulating (i.e., kc,MD-0), exp(BJm)-1, and ζF(x) approaches
0 while ζP(x) approaches Jmcp,V(TF�TP). For this ideal case, the
system of governing differential equations simplifies to

dQF ðxÞ
dx

¼ AMD

LMD
Km;MD½TF ðxÞ�TPðxÞ�ΔTthðxÞ� ð21� AÞ

dQPðxÞ
dx

¼ AMD

LMD
Km;MD½TF ðxÞ�TPðxÞ�ΔTthðxÞ� ð21� BÞ

d½QF ðxÞhLðCðxÞ; TF ðxÞÞ�
dx

¼ dQF ðxÞ
dx

½hvapðCðxÞ; TF ðxÞÞþhLð0; TF ðxÞÞ�
ð21� CÞ

d½QPðxÞhLð0; TPðxÞÞ�
dx

¼ dQPðxÞ
dx

½hvapð0; TPðxÞÞþhLð0; TPðxÞÞ
þcp;V ðTF ðxÞ�TPðxÞÞ� ð21� DÞ

For both cases, the boundary conditions (illustrated in Fig. 1C) are
given by

QF ðLMDÞ ¼Q0
F ð22� AÞ

QPð0Þ ¼ Q0
P ð22� BÞ

TF ðLMDÞ ¼ T0
F ¼ TH ð22� CÞ

TPð0Þ ¼ T0
P ¼ TC ð22� DÞ

2.5. Heat transfer in the HX module

The heat exchange between the hot stream (S4-S5) and the
cold stream (S0-S1) in the HX is a standard and well-understood
heat transfer problem. The differential equations for the heat
transfer are

Qh
dhLð0; ThðxÞÞ

dx
¼ Qhcp;Lð0Þ

dThðxÞ
dx

¼ Kc;HX
AHX

LHX
½ThðxÞ�TcðxÞ� ð23� AÞ

Qc
dhLðC0; TcðxÞÞ

dx
¼Qccp;LðC0Þ

dTcðxÞ
dx

¼ Kc;HX
AHX

LHX
½ThðxÞ�TcðxÞ�

ð23� BÞ
where the hot stream flow rate, Qh, is equal to the effluent flow
rate of the MD permeate, Qf

P (Q4 in Fig. 1A), and the cold stream
flow rate, Qc, is equal to the flow rate of the influent (feed stream)
of the overall system (Q0 in Fig. 1A). Note that we use lower case
“h” and “c” in the subscripts for Q and T to represent the hot and
cold streams in HX, respectively, whereas capital “H” and “C” are
used as subscripts to denote heat source and heat sink of the MD–
HX system.

Both flow rates are constant throughout the HX module due to
the absence of mass transfer. The heat capacities of pure water
(hot stream) and a NaCl solution at concentration C0 (cold stream)
are cp,L(0) and cp,L(C0), respectively, and can be approximated as
constants as they are weak functions of temperature. The heat
transfer coefficient of the HX (plate or tube) is Kc,HX, the contact
area of the HX is AHX, and the length of the HX module is LHX. The
boundary conditions for Eqs. (23-A) and (23-B) are

ThðLHXÞ ¼ Tf
P ð24� AÞ

Tcð0Þ ¼ TC ð24� BÞ

Boundary condition (24-A) indicates that the influent temperature
of the hot stream in the HX is the effluent temperature (or “final”
temperature) of the permeate stream in the MD module.

2.6. Parameters quantifying process performance and energy
efficiency

Solving the governing differential equations for the mass and
heat transfer in the MD module yields the flow rate and tempera-
ture distributions along the permeate and feed channels of the MD
module. Similarly, solving the governing heat transfer differential
equations for the HX yields the temperature distribution profiles of
the hot and cold streams in the HX. To quantify the overall
performance of the MD–HX system, we define the following
performance parameters that can be calculated from the solved
temperature and flow rate distributions.

The first performance parameter is the feed mass recovery rate
(or simply “mass recovery rate”), γ, which is the fraction of feed
(mass) flow rate that permeates through the membrane and adds
to the permeate (mass) flow rate

γ �ΔQMD

Q0
F

¼ AMD

LMD

R LMD
0 JmðxÞ dx

Q0
F

ð25Þ

Note that γ is characteristic of the MD module performance, but
not of the overall MD–HX process. Therefore it is still a relevant
DCMD performance indicator even if no heat recovery measure is
implemented.

The second performance parameter is the specific heat duty, β,
which is the amount of external heat energy (qH) supplied to the
MD–HX system via the heat source to produce a unit mass of
distilled water (as an increment in the permeate stream):

β � qH
ΔQMD

¼ cp;LðC0ÞQ0
F ðT2�T1Þ

ΔQMD
ð26Þ

This performance parameter β can be expressed in the common
units of kJ kg�1. The more commonly used term in industry to
quantify the energy efficiency of distillation is the performance
ratio (PR), which is defined as the mass of distillate (in kg)
produced per 2326 kJ heat input [38]. PR is the metric version of
the gain output ratio (GOR), another commonly used energy
efficiency indicator for thermal desalination processes. The con-
version between β and PR is straightforward:

β¼ 2326
PR

ð27Þ

Specifically, in the system depicted in Fig. 1A, the heat energy
supplied to the system is used to raise the effluent temperature of
the cold stream in the HX (T1) to the specified working tempera-
ture (TH) or the influent temperature of the feed stream in the MD
(T2). Combining Eqs. (25) and (26) yields the relation between β
and γ:

β¼ cp;LðC0ÞðT2�T1Þ
γ

ð28Þ

To achieve higher overall energy efficiency for the MD–HX process,
β needs to be minimized by maximizing the mass recovery rate in
the MD module and, at the same time, maximizing the effluent
temperature of the cold stream, T1, so that minimal heat is required
to bring the MD feed stream to the working temperature, TH.

Alternatively, we can also define a performance parameter
called the heat recovery efficiency (λ) as the fraction of total heat
required to elevate the temperature of the MD feed from TC (or T0)
to TH (or T2) that is contributed by the recovered heat in the HX
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(Fig. 1A):

λ � 1� qH
cp;LðC0ÞQ0

F ðT2�T0Þ
¼ T1�T0

T2�T0
ð29Þ

Combining Eqs. (28) and (29) yields the relation between λ, β, and
γ:

λ¼ cp;LðC0ÞðTΗ�TCÞ�βγ

cp;LðC0ÞðTΗ�TCÞ
ð30Þ

After defining these important performance indicators (λ, β,
and γ), we define an important operational parameter—the ratio of
the permeate stream flow rate (Q8 in Fig. 1A) to the feed stream
flow rate (Q2 in Fig. 1A), which we term the relative permeate flow
rate (or simply “relative flow rate”), α, of the MD module:

α� Q0
P

Q0
F

ð31Þ

Being an operational parameter that is readily controlled, α is
found to play a very significant role in determining the system
performance, as will be shown in later discussions.

3. Numerical solution of governing equations for the MD and
HX processes

The systems of differential equations governing the mass and
heat transfer in the MD module (Eqs. (20) or (21)) were discretized
using a standard finite volume method [39]. Specifically, the MD
module was discretized into n¼100 differential segments along
the axial direction, which resulted in a system of 4n nonlinear
equations with n sets of variables (each set includes TF(x), TP(x),
QF(x), and QP(x)). This system of nonlinear equations was solved
using the fsolve function in Matlabs with the default Trust-Region
methods [40]. The system of differential equations governing the
heat transfer in the HX module (Eq. (23)) is linear and thus was
discretized to a system of linear equations that can be readily
solved using the standard matrix method. The HX was discretized
to m¼1000, as a system of linear equations is significantly less
computationally demanding to solve compared to a system of
nonlinear equations. Accuracy of the results was not enhanced
significantly with further refinement in the number of differential
segments in either the MD or HX module.

The thermodynamic properties required to conduct the numer-
ical modeling or analytical analysis are available in the literature in
the form of correlation equations. The most important of these
include the enthalpy of vaporization, hvap(C,T) [41,42], the
enthalpy of NaCl solution, hL(C,T) [37], and the heat capacity of
NaCl solution, Cp,L(C,T) [43]. The correlation equations and repre-
sentative curves of these properties as a function of temperature
and NaCl concentration are given in Appendix A.

The calculation of ΔTth(x) for a given concentration, C, and
permeate temperature, TP, requires an iterative process, which
renders solving the system of non-linear equations computation-
ally demanding. Therefore, ΔTth(x) as a function of C and TP was
first solved to yield the numerical results, which were then used to
establish a correlation equation for ΔTth(C,TP) (Appendix B).
Throughout the study, we use a mass transfer coefficient Km,MD

of 0.03 kg m�2 min�1 1C�1 for the MD module, which is obtained
from linear regression of the slope of Jm as a function of ΔT of
literature data of a typical commercially available DCMD mem-
brane [29]. For the heat transfer coefficient in the HX, a typical
value of 103 W m�2 1C�1 is chosen [44,45].

4. Results and discussion

4.1. Operation regimes in the MD module

The MD–HX system was analyzed over a range of relative flow
rates, α, with a 0.6 mol kg�1 NaCl feed solution at a temperature of
20 1C to represent seawater. The MD working temperature (i.e., the
specified temperature of the influent feed stream) was set at 60 1C.
From the temperature distribution profiles along the axial direc-
tion of the MD module obtained from solving the governing
equations for mass and heat transfer, we identified three distinct
operation regimes, as described in the following discussions.

In the first scenario, which occurs when the relative flow rate α
is low (i.e., low permeate flow rate compared to feed flow), the
permeate (distillate) stream quickly warms up to Tn

H due to its
relatively lower flow rate (blue solid curve in Fig. 2), with Tn

H being
the temperature where

pW ðC0; THÞ ¼ pW ð0; Tn

HÞ ð32Þ

Note that TH is the temperature of the heat source and is thus
equal to the influent temperature of the MD feed, T0

F (or stream S2
in Fig. 1A).

At the point along the MD module where the permeate tempera-
ture TP reaches Tn

H , the trans-membrane temperature difference
becomes equal to the threshold temperature ΔTth (Eq. (5)). Beyond
this point (in the direction of the permeate flow), the partial vapor
pressure gradient vanishes and no mass transfer occurs along the
remaining module length. Consequentially, the effluent temperature
of the permeate Tf

P is Tn

H . We define the operation of DCMD with
such a temperature distribution profile as the permeate limiting
regime (PLR) operation. The temperature profiles of the permeate
and feed streams along the MD module for this operation regime are
shown in Fig. 2 (solid blue and red lines).

In the opposite scenario, which occurs when α is high (i.e., high
permeate flow rate relative to feed flow rate), the feed stream
rapidly cools down and the feed temperature TF rapidly attains Tn

C
in the module (red dotted curves in Fig. 2), with Tn

C being the
temperature where

pW ðC0; T
n

C ; Þ ¼ pW ð0; TCÞ ð33Þ

Fig. 2. Temperature distribution profiles for the three different operation regimes
in an MD module. In the PLR, the permeate temperature reaches Tn

H within the
module. In the FLR, the feed temperature reaches Tn

C , within the module. In the
transition regime (MTLR), neither the feed temperature reaches the Tn

C nor the
permeate temperature reaches Tn

H . Parameters used for calculations: LMD¼2 m,
AMD¼50 m2, Km,MD¼0.03 kg m2 K�1 min�1 1C�1, and Q0

F ¼ 50 kg min�1. Note that
x/LMD¼0 is at the entrance point of the permeate (distillate) stream, while x/LMD¼1
is the entrance point of the counter flow feed stream as depicted in Fig. 1C. (For
interpretation of the references to color in this figure, the reader is referred to the
web version of this article.)
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Note that TC is the temperature of the heat sink and is thus equal
to the influent temperature of the MD permeate, T0

P (or stream S8
in Fig. 1A). In this scenario, there is no trans-membrane flux
beyond this point along the flow direction of the feed stream in
the module as there is no driving force for mass transfer because
ΔT is equal to ΔTth (Eq. (3)). We define the operation characterized
by such a temperature distribution profile as the feed limiting
regime (FLR) operation. The temperature profiles of the permeate
and feed streams along the MD module for this operation regime
are shown in Fig. 2 (dotted red and blue lines).

As the thermodynamic driving force for mass transfer vanishes
within the module, both PLR and FLR are regarded as thermo-
dynamically limited operation regimes. A somewhat analogous
idea to these thermodynamic limiting regimes was proposed by
Song et al. [46,47] for reverse osmosis desalination in a module. As
the feed brine becomes concentrated along the reverse osmosis
module, its osmotic pressure correspondingly increases to a point
where it equals the applied pressure. Beyond this point along the
reverse osmosis module, the driving force vanishes and the
membrane area is unutilized. In the case of MD, the depleted
driving force in FLR or PLR is the difference in partial vapor
pressure, and the operation can be limited by the flow rate of
either the feed or permeate streams.

There is one more possible scenario in which TF and TP never
reach Tn

C and Tn

H , respectively, within the module (dashed blue and
red curves in Fig. 2). In this case, the temperature difference at all
points along the MD module is always greater than the threshold
temperature difference as defined by either Eq. (3) or (5), and
vapor flux occurs throughout the entire membrane length. We
define this operation as the mass transfer limiting regime (MTLR).
As we discuss later in the paper, the MTLR emerges only when the
mass transfer is limited (i.e., membrane area is insufficient or the
mass transfer coefficient is too low). In other words, if mass
transfer is not a limiting factor, the MD operation is always in
the thermodynamic limiting regimes of either PLR or FLR.

We note that a given α does not automatically classify the
operation as PLR or FLR. MD operation can still be considered in
MTLR with insufficient membrane area, even when α is very small or
very large. As an example, an MD operation on a lab-scale small
membrane coupon with a reasonable flow rate is always in MTLR,
regardless of α. However, less membrane area is required for the
operation to be in PLR if α is very small, or to be in FLR if α is very large.

4.2. Thermodynamic analysis of the MD operation regimes

Numerical solution of the governing mass and heat transfer
equations yields the temperature and flow rate distributions along
the module, which allow us to identify the operation regime and
calculate the mass recovery rate, γ. The conditions for the occur-
rence of the three operational regimes, PLR, FLR, and MTLR, can be
more readily examined through an analytical examination of the
DCMD process. The underlying conditions for the derivation are
the following: when the operation is in PLR, Tf

P ¼ Tn

H and Tf
FZTn

C ,
and analogously, when the operation is in FLR, Tf

F ¼ Tn

C and
Tf
PrTn

H . The key results of our analytical analysis are summarized
in the following sections, with the detailed derivations presented
in Appendix C.

4.2.1. Permeate limiting regime (PLR)
Our analytical examination (Appendix C) indicates that for MD

operation in the PLR, the relative flow rate parameter, α, has to be
lower than the critical relative flow rate, αPLR:

αrαPLR ¼
TH�Tn

C

Tn

H�TC

ðhvap;P=cp;PÞ�ððTn

H�TCÞ=2Þ
ðhvap;P=cp;F Þþðcp;P=cp;F ÞððTHþTn

c Þ=2Þ�Tn

C

ð34Þ

where cp,P is the heat capacity of the permeate (which is equal to
cp,L(0)), cp,F is the heat capacity of the feed (which is approximately
equal to cp,L(C0)), and hvap;P is the average enthalpy of vaporization
of the permeate and can be approximated by

hvap;P �
hvapð0; Tn

HÞþhvapð0; TCÞ
2

ð35Þ

Note that αPLR is determined solely by the working tempera-
tures (TH and TC) and thermodynamic properties of the feed and
permeate streams. Eq. (34) is a necessary but insufficient condi-
tion; the other condition needed for operation to reach PLR is fast
(unlimited) mass transfer so that the limiting regime can be
reached (the quantification of the mass transfer kinetics will be
given in Section 4.2.3). Unlimited mass transfer kinetics can be
attained using membranes with relatively high permeability or
modules with large membrane area such that mass transfer is not
limiting the module from attaining PLR.

The mass recovery rate in the PLR is given by

γPLR � α
Tn

H�TC

ðhvap;P=cp;PÞ�ððTn

H�TCÞ=2Þ
ð36Þ

which is directly proportional to the relative flow rate, α. All other
terms in Eq. (36) are constants that depend on the working
temperatures and the thermodynamic properties of the feed and
permeate streams. The mass recovery rate obtained from this
analytical expression as a function of α is shown in Fig. 3A (dotted
line). We note that γPLR represents the theoretical maximum
recovery achievable by DCMD when the relative flow rate is below
the αPLR. If α is below the critical value αPLR, but mass transfer is
limited due to insufficient membrane area or inadequately perme-
able membranes, the recovery rate will always be lower than γPLR.

4.2.2. Feed limiting regime (FLR)
Analogous to the case of PLR, the DCMD operation is in the FLR

only if the relative flow rate α is higher than critical relative flow
rate, αFLR, which is determined solely by the working temperatures
and thermodynamic properties of the feed and permeate streams
(Appendix C):

αZαFLR ¼
TH�Tn

C

Tn

H�TC

ðhvap;F=cp;PÞþððTHþTn

CÞ=2Þ�Tn

H

ðhvap;F=cp;F Þþðcp;P=cp;F ÞððTHþTn

CÞ=2Þ�Tn

C

ð37Þ

where hvap;F is the average enthalpy of vaporization of the feed and
can be approximated by

hvap;F �
hvapðC; Tn

CÞþhvapðC; THÞ
2

ð38Þ

Likewise, Eq. (37) is a necessary but not sufficient condition for FLR
operation; the other condition requires the mass transfer to be
unlimited so that the thermodynamic limiting regime can be
reached within the defined module length.

The mass recovery rate in the FLR, γFLR, is given by

γFLR �
TH�Tn

C

ðhvap;F=cp;F Þþðcp;P=cp;F ÞððTHþTn

CÞ=2Þ�Tn

C

ð39Þ

which is independent of the relative flow rate α (Fig. 3A, dashed
horizontal line). Again, γFLR signifies the theoretical maximum recovery
achievable when α is greater than the critical value. If the relative flow
rate is above αFLR, but mass transfer across the membrane is limiting,
the recovery rate will be less than γFLR. Regardless of the feed and
permeate (distillate) stream properties (i.e., temperatures and salt
concentration) and the mass transfer kinetics, the mass recovery rate
is always higher in FLR than in PLR. The limiting γFLR signifies the
theoretical maximum recovery achievable. It should also be noted that
for a given temperature of the heat sink (TC), γFLR is practically
proportional to the temperature of the heat source, TH (Fig. 3B). That
is, for the example of DCMD desalination, increasing the working
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temperature of the influent feed stream leads to a corresponding
linear increase in the mass recovery rate in a single pass.

4.2.3. Mass transfer limiting regime (MTLR)
The mass recovery rate, γ, as a function of the relative flow rate,

α, as obtained from numerical solution of the governing equations
presented in Section 3 is shown in Fig. 3A as red circles. The
analytical expressions for predicting the mass recovery rate (Eqs.
(36) and (39)) agree very well with the numerical solutions of the
governing mass transfer equations, except for the case when α is
very close to αFLR or αPLR. This discrepancy occurs because when α
is close to αFLR or αPLR, mass transfer is limited with the same given
MD module and flow rates, and the condition for either the PLR
ðTf

P ¼ Tn

HÞ or the FLR ðTf
F ¼ Tn

CÞ cannot be met within a module of
the given properties and flow rates described in the caption of
Fig. 2. In this case, the DCMD system is operating in the MTLR.

Unlike the thermodynamically defined PLR and the FLR, the
MTLR is kinetically defined. Strictly speaking, there exists no α that
corresponds to MTLR, and although the analytical expressions for
αPLR (Eq. (34)) and αFLR (Eq. (37)) have different mathematical
forms due to the approximations used in the derivation, the
calculated values of αPLR and αFLR under reasonable thermody-
namic conditions in DCMD (i.e. TH, TC, and C) are numerically
indistinguishable (Appendix C). Therefore, thermodynamically the
DCMD operation is either permeate limited or feed limited. The
MTLR occurs because the mass transfer is limited by either not
having a high enough mass transfer coefficient or not having large
enough membrane area. Therefore, MTLR signifies a kinetically
constrained mode of operation in which the mass recovery rate is
always smaller than the theoretical maximum achievable.

To quantify the degree to which mass transfer is limited, we
define a parameter χ:

χ ¼ Km;MDAMD

Q0
F

ð40Þ

For a given feed flow rate, Q0
F , a higher mass transfer coefficient,

Km,MD, or a larger membrane area, AMD, both lead to a larger χ that

is representative of faster mass transfer. It can be shown that as
long as χ is kept constant, the temperature distribution profiles
will be the same (Appendix D).

The above argument can further be confirmed by comparing
the analytical expressions to the numerical results of the govern-
ing equations with much faster mass transfer kinetics as char-
acterized by χ¼1.0 1C�1 (blue squares in Fig. 3A), compared with
the much lower χ¼0.03 1C�1 (red circles in Fig. 3A). The numerical
results fit the analytical predictions almost perfectly with fast
mass transfer kinetics, implying that the analytical expressions for
the mass recovery rate are consistent with the numerical simula-
tions as long as the mass transfer is unlimited. Note that the lower
the χ value is, the larger the range of α in which MTLR occurs.
Therefore, whether an operation is limited by mass transfer or not
is determined by both the mass transfer kinetics, χ, and the
relative flow rate, α.

The limiting regimes, dictated by the temperature and solution
properties of the feed and permeate streams, impose a thermo-
dynamic limit on the maximum mass recovery rates attainable in
DCMD, regardless of the membrane area or permeability. The mass
transfer kinetics, quantified by the parameter χ, can serve as a
useful design parameter for DCMD systems to optimize membrane
utilization and to ensure the separation process is not hindered by
inadequate mass transfer. Therefore, to achieve high recoveries
close to the thermodynamic limit in, for example DCMD desalina-
tion, sufficiently large membrane area or membrane permeability,
relative to the feed flow rate, needs to be provided.

4.3. Energy efficiency with heat recovery

In the preceding section, we presented the analytical and
numerical analyses of the DCMD module alone, from which we
can calculate the mass recovery rate, γ. However, to quantify the
energy efficiency of the DCMD process with heat recovery and to
estimate the limits of heat recovery that can be achieved, it is
necessary to conduct a system level investigation on the combined
DCMD–HX (or simply MD–HX) system.

Fig. 3. (A) Feed mass recovery rate as a function of the relative permeate flow rate, α, based on numerical solution of the governing equations (open symbols) and analytical
expressions (dotted and dashed lines). The red circles correspond to χ¼0.03 1C�1 (slow mass transfer kinetics) and the blue squares correspond to χ¼1.0 1C�1 (fast mass
transfer kinetics), with χ defined by Eq. (40). (B) Comparison between predictions based on the analytical expression (Eq. (39), dashed line) and numerical solution of the
governing equations (red circles) for the maximum mass recovery rate, γmax , as a function of the feed influent temperature T0

F (for the given T0
P). (For interpretation of the

references to color in this figure legend, the reader is referred to the web version of this article.)
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4.3.1. Limiting regimes in heat recovery
The mathematical coupling between the MD and HX modules

is based on the description of the MD–HX system given in Section
2.1. The effluent temperature Tf

P (or T4 in Fig. 1A) and effluent flow
rate Qf

P (or Q4) of the permeate (distillate) in the MD module are
the influent temperature T0

h and influent flow rate Q0
h of the hot

stream in the HX module, respectively. Improving the energy
efficiency of the overall operation requires the minimization of
the energy input from the heat source qH, which, for a given feed
flow rate, is equivalent to maximizing the effluent temperature of
the cold stream Tf

c (or T1 in Fig. 1A) in the HX module.
Fig. 4 shows the temperature profiles of the streams in the MD

(left, solid lines) and HX (right, dashed lines) modules, for relative
flow rates in the MD module of α¼0.3, 1.0, and 2.0. Note that the
relative flow rate in the HX module is dependent on α and the
mass recovery rate, γ, in the MD module ðQ0

h=Q
0
c ¼ αþγÞ. In the HX

module, for a given influent flow rate of the cold stream Q0
c (Q0 in

Fig. 1A), a higher Tf
c is equivalent to a higher effluent enthalpy of

the HX cold stream, which entails a higher influent enthalpy of the
hot stream (S4 in Fig. 1A). As Fig. 4 shows, for an MD–HX system of
given properties, Tf

c (denoted by the green star symbols) is
dependent on the relative flow rate α.

At low α (e.g., α¼0.3, Fig. 4A and B), the MD operation is in the
PLR. The influent temperature of the hot stream T0

h entering the
HX module is high (¼ Tn

H). However, because in this case the flow
rate of the hot stream is relatively small compared to that of the

cold stream (the ratio is αþγ), the total heat energy or enthalpy
that can be transferred over from the hot stream is low despite the
higher starting temperature, T0

h. This is clearly illustrated in Fig. 4B,
where, due to the relatively low relative flow rate (αþγ), the hot
stream cools down rapidly in the HX module without transferring
enough heat to the cold stream for its temperature to reach T0

h. We
classify this scenario as mass-limited heat recovery.

On the other hand, if α is high (e.g., α¼2.0, Fig. 4E and F), the
effluent temperature of the MD permeate, Tf

P , and, correspondingly,
the influent temperature of the HX hot stream, T0

h , are relatively low
because the MD operates in the FLR. Therefore, even though the
effluent temperature of the cold stream, Tf

c , can reach T0
h in the HX

module (Fig. 4F), Tf
c is still considerably lower than the specified

working temperature TH because the MD feed influent as T0
h (¼ Tf

P)
is low. The heat recovery in this case is limited by T0

h (¼ Tf
P), which

is the highest temperature Tf
c can ever reach. We classify this

scenario as temperature-limited heat recovery.
Both the mass- and temperature-limited heat recovery scenar-

ios represent inefficient energy recovery for the overall MD–HX
system. As the effluent temperature of the HX cold stream (which
is channeled to the MD module as the influent feed stream) is
relatively low, considerable amount of energy needs to be supplied
to bring Tf

c to the specified MD working temperature. Only in an
optimal range of α is the operation neither mass- nor temperature-
limited (e.g., α¼1.0, Fig. 4C and D). In this case, the highest Tf

c and
correspondingly the lowest required qH, of the three scenarios, can
be attained.

4.3.2. Overall energy efficiency and optimal operation condition
The process performance parameters and energy efficiency for

the three scenarios in Fig. 4 (α¼0.3, 1.0, and 2.0) are summarized
in Table 1. Consistent with the analysis shown in Fig. 3A, the mass
recovery rate γ increases with increasing α. The specific heat duty β
(Eq. (26), i.e., energy input required to produce a unit mass of pure
water) is, however, found to be the lowest among the three
scenarios at α¼1.0. Similarly, the efficiency of heat recovery, λ
(Eq. (29), i.e., fraction of heat recovered in the HX compared to the
total energy in bringing the feed stream temperature from that of
the heat sink to that of the heat source), is the highest among the
three scenarios for α¼1. Note that β is not simply negatively
correlated to λ, as Eq. (30) shows that γ also plays an important
role in determining β.

Notably, at α¼0.3, the specific heat duty is even higher than the
enthalpy of vaporization (i.e. �2400 kJ kg�1), which implies that
using an MD–HX system for desalination under such a condition is
even more energy consuming than simply evaporating the feed
water in a batch mode without any heat recovery. The reason for
such inefficiency is straightforward: a portion of the available heat
energy in the MD feed stream is not transferred to the MD
permeate stream when the system operates in the PLR. This
unutilized portion of enthalpy becomes particularly significant
when α is small. In the example presented in Fig. 4A, the effluent
temperature of the MD feed Tf

F is still quite high (�50 1C). With
the design shown in Fig. 1A, this energy embedded in the warm
MD feed effluent (stream S3) is discharged out of the system

Fig. 4. Temperature distribution profiles of the feed (red solid line) and permeate
(blue solid line) in the MD module (T2-T3 and T8-T4, respectively, in Fig. 1A) and the
hot stream (red dashed line) and cold stream (blue dashed line) in the HX module
(T4-T5 and T0-T1, respectively, in Fig. 1A) for different relative flow rates in the MD
module: (A and B) α¼0.3, (C and D) α¼1.0, and (E and F) α¼2.0. Orange line
connects the blue solid curve and the red dashed curve to indicate that the effluent
temperature of the MD permeate (T4 in Fig. 1A) is equal to the influent temperature
of the HX module hot stream. The green star represents the effluent temperature of
the cold stream in the HX (T1 in Fig. 1A), which is desirable to be high. Note that for
the cases of PLR (A) and FLR (E) in the MD module, the feed and the permeate do
not reach the same temperature because no mass transfer can occur when the
temperature difference reaches ΔTth. The insets in A and E zoom in on the
temperatures of the feed and permeate streams at the location in the MD module
where no mass transfer occurs. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Table 1
Summary of the performance parameters at the different α values used in Fig. 4.

ðα¼ Q 0
P=Q

0
F Þ 0.3 1.0 2.0

Mass recovery rate, γ (%) 2.11 6.27 6.39
Specific heat duty, β (kJ kg�1) 5080.1 371.2 1351.2
Heat recovery efficiency, λ (%) 33.1 85.5 46.1
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without being used. Therefore, an MD–HX operation with low α
may require energy input in excess of the enthalpy of vaporization
to carry out the separation.

The above analysis of the three representative scenarios
(α¼0.3, 1.0, and 2.0) suggests that there exists an optimal α where
the MD–HX system is most energy efficient. To substantiate the
existence of such an optimal α, we expanded the matrix of the
numerical simulation to cover a broader range of χ (representing
mass transfer kinetics as defined by Eq. (40)) and a more refined
range of the relative flow rate in the MD module, α. The calculated
specific heat duties, β, as a function of the relative flow rate α are
presented in Fig. 5A. It is observed that, for all χ values investi-
gated, β is minimum when α is around 0.9 (the resolution of α for
the simulation was 0.05), which is close to the critical α that
divides the PLR and FLR as presented in Sections 4.2.1 and 4.2.2.
The critical α calculated from the analytical expressions, Eq. (34)
(αPLR) or (37) (αFLR), is 0.918, remarkably close to the optimal α
obtained from the numerical simulations shown in Fig. 5A.

The theoretical basis for this apparent coincidence can be
elucidated from the expression for β (Eq. (28)). The specific heat
duty can be minimized by increasing T1, which is the effluent

temperature of the HX cold stream, Tf
c . For a given HX, a higher Tf

c

can be attained with a higher HX hot stream temperature, T0
h ,

which is equal to the effluent temperature of the MD permeate, Tf
P .

The highest Tf
P attainable is Tn

H (Eq. (32)), which occurs only if the
MD operation is in PLR, thus requiring αrαPLR (Eq. (34)). Alter-
natively, β can be minimized by, according to Eq. (28), increasing
the mass recovery rate, γ. As discussed earlier in Section 4.2.2 and
shown in Fig. 3A, γ reaches maximum when the MD operates in
FLR, which requires that αZαFLR (Eq. (37)). Because αFLR and αPLR
are practically identical (Section 4.2.3), we collectively term them
the critical relative flow rate, αn, hereafter. Operating the MD–HX
system at αn, simultaneously satisfies both conditions for max-
imizing T1 and γ, thus resulting in the overall minimum in the
specific heat duty.

We note that the general idea about the existence of an optimal
relative flow rate is also supported by simulation results for DCMD
operated in a cascade of cross-flow hollow fiber module with heat
recovery, as reported by Lee et al. [48]. In that study, even though
the operation mode was not in counter-current flow as in our

paper, the simulation results also showed an optimal relative flow
rate close to one that corresponds to a maximum gain output ratio
(or performance ratio).

The critical relative flow rate can be determined using either
Eq. (34) or (37) for a feed solution of given concentration and a set
of working temperatures (TH and TC), and it is not dependent on
the kinetics of mass transfer in the MD module or the heat transfer
in HX. The existence of an optimal α that is independent of the
mass and heat transfer kinetics is very important, as it provides
the basis for αn, which can be calculated solely based on thermo-
dynamics, to guide an actual MD–HX operation to achieve its
highest energy efficiency, regardless of the mass and heat transfer
kinetics of the system.

The specific heat duty β is apparently affected by the kinetics of
mass transfer in the MD and heat transfer in the HX, even though
αn at which β reaches minimum is not. As Fig. 5A shows, for any
given α, increasing the mass transfer kinetics parameter χ causes β
to asymptotically approach a limit that corresponds to unlimited
mass transfer. This trend is more clearly demonstrated by the red
circles in Fig. 5B, which shows β as a function of χ for LHX¼2 m
(AHX = 50 m2), demonstrating a drastic initial reduction in βmin that
gradually levels offs as χ increases from 0.003 to 3. When χ¼0.03,
a reasonable value in practice, βmin is already fairly close to its
lowest limit.

The β values presented in Fig. 5A, and as the red circles in
Fig. 5B, were obtained using an HX with finite heat transfer
kinetics, which manifests as a non-zero difference between the

temperatures of the hot and the cold streams of the HX, T0
h and Tf

c ,
respectively. We refer to an HX with finite heat transfer kinetics as
a “non-perfect” HX. This difference in temperature can become
infinitesimal if the heat transfer kinetics in the HX are greatly
enhanced by, for example, increasing the contact area for the heat
exchange. The blue squares in Fig. 5B show βmin as a function of χ
when α¼0.9, with LHX¼100 m (AHX = 2500 m2, i.e., the heat
exchange area is increased 50 times compared to the red circles),

which results in negligible difference between T0
h and Tf

c in the HX.
We refer to such an HX as a “perfect” HX. With such enhanced HX
heat transfer kinetics, the lower limit of β at α¼0.9 is reduced to
about 31 kJ kg�1, which is very close to the ultimate thermody-
namic limit (i.e. the lowest βmin that is theoretically achievable)

Fig. 5. (A) Specific heat duty, β, as a function of relative flow rate, α, in the MD (TH¼60 1C, TC¼20 1C) for different χ values (units of 1C�1) with a “non-perfect” HX (LHX¼2 m
in this case). The variable χ is defined by Eq. (40). Larger χ indicates higher mass transfer rate. The inset zooms on the region of minimum β within the rectangular frame.
(B) The minimum specific heat duty (for α¼0.9) at different χ for a “non-perfect” HX (LHX¼2 m, AHX = 50 m2, red circles) and for a “perfect” HX (LHX¼100 m, AHX = 2500 m2,
blue squares), respectively. Lines connecting data points are drawn only to guide the eye. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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of 27.6 kJ kg�1 calculated using Eq. (28) with α¼αn¼0.918, γ¼γFLR,
and T1 ¼ Tn

H . At the ultimate thermodynamic limit, the minimum
specific heat duty is less than 1.2% of the enthalpy of vaporization,
leading to a performance ratio (PR, Eq. (27)) of �84. The ultimate
thermodynamic limit of βmin, which occurs at αn with unlimited
mass transfer in MD and unlimited heat transfer in HX, can be
easily calculated using this approach for different operating con-
ditions (i.e., feed concentration and working temperature).

It is worthwhile to note that the calculated thermodynamic
limit of the specific heat duty β, or of the PR, is only theoretically
achievable as a result of the many idealities assumed in the
derivation. In addition, it is also not economically preferable to
pursue the highest thermodynamic efficiency, as it requires very
large area for the MD membrane and heat exchanger, which
results in low production rate per area of membrane/heat exchan-
ger and, consequentially, unreasonably high capital cost for a
target treatment capacity. Regardless, as mentioned before, it is

always preferable to operate the MD–HX system at the critical
relative flow rate αn, as it always yields the highest energy
efficiency for a given system (Fig. 5A).

4.4. Impact of conductive heat transfer on MD performance

The discussion up to this point assumes an extremely insulat-
ing membrane matrix such that B-1 (B defined by Eq. (14)) and,
hence, the conductive heat transfer at the feed–membrane inter-
face ζF (defined by Eq. (16)) approaches zero. In reality, neither the
membrane is infinitely thick, nor the the thermal conductivity of
the membrane matrix is infinitely large, and therefore the para-
meter B is finite. In this section, we account for the effects of
conductive heat transfer on the MD performance by considering a
thermally-conductive membrane.

We define a conductive heat transfer coefficient for the MD
membrane, Kc,MD, as the ratio of thermal conductivity, kc,MD, over

Fig. 6. (A) Temperature distribution profiles along the MD module for θ¼0 and θ¼0.6. (B) Mass recovery (γ) as a function of α for different θ values. (C) Specific heat duty (β)
as a function of the relative flow rate α. Note the parameter θ represents the relative importance of conductive heat transfer compared to the convective heat transfer
(defined by Eq. (43)). For all calculations, AMD = 50 m2, Km,MD¼0.03 kg m�2 K�1 min�1, and Q0

F ¼ 50 kg min�1. For (C), AHX = 50 m2, and Kc,HX¼103 Wm�2 1C.
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the thickness of the membrane, δ:

Kc;MD ¼ kc;MD

δ
ð41Þ

The typical conductivity of the solid material (polymer) of the
membrane (kc,S) ranges from 0.1 to 0.3 W m�1 1C�1, whereas the
typical conductivity of air/vapor (kc,V) ranges from 0.02 to
0.03 W m�1 1C�1 [20]. Assuming a porosity of ε¼0.8 [15], kc can
be estimated using the following equation [17]:

kc;MD ¼ ð1�εÞkc;Sþεkc;V ð42Þ
Using the above values for kc,S and kc,V along with Eq. (42), the
range of kc,MD is estimated to be from 0.04 to 0.08 W m�1 1C�1.
A typical MD membrane thickness is about 10�4 m [7]. Therefore,
a typical range of Kc,MD is calculated to be between 400 and
800 W m�2 1C�1, which is consistent with typical values reported
in literature [11,17].

To compare the relative importance of the conductive heat
transfer and the convective heat transfer (i.e., heat carried by the
vapor flux), we define a dimensionless parameter θ:

θ¼ Kc;MD

hvapKm;MD
¼ kc;MD=δ

hvapKm;MD
ð43Þ

If we fix the membrane mass transfer coefficient Km,MD to be
0.03 kg m�2 min�1 1C�1 and use an approximate value of
2400 kJ kg�1 for hvap, θ will range between 0.3 and 0.6, with a
larger θ signifying greater effect of conductive heat transfer
compared to convective heat transfer.

Fig. 6A shows the comparison between the MD temperature
distribution profiles with θ¼0 (i.e., minimal conductive heat
transfer by the membrane) and those with θ¼0.6 for the three
different operation regimes (i.e., PLR, FLR, and MTLR). In general,
conductive heat transfer enhances the overall heat transfer
kinetics. For operations in the PLR and FLR, enhanced conductive
heat transfer reduces the effective length of MD where mass
transfer occurs, but changes in the MD feed and permeate effluent
temperatures are almost negligible. When the system operates in
PLR (FLR), the change of temperature in the feed (permeate)
stream is constant (from TC to Tn

H for the permeate in PLR, and
from TH to Tn

C for the feed in FLR), which means that the heat
transferred to (from) the permeate (feed) stream should be
approximately the same regardless of the heat transfer mechan-
ism. However, unlike the behavior for the PLR and FLR, conductive
heat transfer influences the effluent temperatures for operation in
the MTLR, though not to a large extent.

Fig. 6B shows the mass recovery, γ, as a function of the relative
permeate mass flow rate, α, for different values of the dimension-
less conductive heat transfer parameter, θ. The mass recovery rate,
decreases monotonically as θ increases across the range of α.
Therefore, higher conductive heat transfer is increasingly detri-
mental to the performance of DCMD. The reduced γ is attributed to
the loss of part of the driving force for mass transfer through
conductive heat transfer.

Fig. 6C shows the specific heat duty, β, as a function of relative
flow rate, α, for different values of the dimensionless conductive
heat transfer parameter θ. Another consequence of conductive
heat transfer is the increased specific heat duty β—that is, more
energy is requried to generate a unit mass of product water
compared to the ideal case with minimal conductive heat transfer
(i.e., when θ¼0). The increased specific heat duty is attributed to
the consumption of a portion of the supplied heat energy to
compensate for the conductive heat loss, which does not con-
tribute to mass transfer. Therefore, mitigating conductive heat
transfer via optimal membrane design to reduce the conductive
heat transfer coefficient is of great importance in achieving an
energy efficient DCMD process.

5. Concluding remarks

In an actual MD separation process, the extent of the
separation (i.e., the recovery rate) and the energy requirement
(i.e., the specific heat duty) will be key performance para-
meters. Both the numerical simulation and the theoretical
thermodynamic analysis indicate that the mass recovery rate
increases proportionally with increasing the relative mass flow
rate between the permeate and the feed (α) in the permeate
limiting regime (PLR), and eventually becomes constant with
respect to α in the feed limiting regime (FLR). This signifies the
existence of a thermodynamic limit on the maximum mass
recovery (γmax) that is determined solely by the thermodynamic
properties of the feed and permeate streams, and the working
temperatures.

The results of our modeling and thermodynamic analysis have
important implications for MD separation applications. For exam-
ple, seawater desalination in a single-pass MD at TH¼60 1C can
never achieve a feed water recovery rate higher than 6.4%,
regardless of the mass transfer kinetics. This is substantially below
the typical recovery rate of 40–60% for seawater reverse osmosis
desalination in a single pass. Therefore, to achieve higher recovery
rates for cost-effective operation, it is necessary to recirculate the
effluent of the MD feed stream (i.e. the brine) back to the influent
of the heat exchanger (HX) cold stream.

Our analysis also demonstrates, quantitatively, that coupling
an HX to MD can theoretically recover the majority of the latent
heat accumulated in the permeate stream, thereby reducing the
thermal energy input. The ultimate minimum specific heat duty
βn

min (i.e., the minimum energy required to produce a unit mass
of the distillate with unlimited mass transfer kinetics) is
determined solely based on thermodynamics and represents
the minimum energy of separation in a single-pass MD–HX. For
seawater desalination by MD at 60 1C, this minimum energy is
27.6 kJ kg�1. Compared to the theoretical minimum energy
consumption of reverse osmosis with a typical recovery of
50% (�3.18 kJ kg�1) [49], the minimum energy requirement
for MD desalination is still relatively high. However, because
reverse osmosis utilizes high cost electric energy, MD can be an
attractive low-cost option when low-grade thermal energy is
readily available. Additionally, our analysis shows that the
minimum specific heat duty always occurs at the critical
relative flow rate αn, regardless of the mass and heat transfer
kinetics in the MD and HX modules. As such, to achieve the
highest energy efficiency, a single-pass MD–HX should operate
at the critical relative flow rate.

Finally, we also assessed the detrimental impact of conductive
heat transfer through the MD membrane matrix on the system
performance. Inevitable conductive heat transfer across an actual
MD membrane causes parasitic loss in the driving force, and
reduces both the mass recovery rate in the DCMD operation and
the energy efficiency of the MD–HX system. However, increasing
the thermal insulation of MD membranes by increasing thickness
usually comes at the expense of reducing permeability. Therefore,
in order to achieve high system performance, the challenge will be
to develop DCMD membranes with relatively low heat conductiv-
ity, but still maintain reasonably high permeability.
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Appendix A. Correlation equations and representative curves
for hvap(C,T) and cp,L(C,T) of an NaCl solution

The specific enthalpy of vaporization hvap(C,T) can be calculated
from the Clausius–Clapeyron relation:

hvapðC; TÞ ¼ RT2 d lnðP0
S ðTÞÞ

dT
þd lnðaSðC; TÞÞ

dT

 !
ðA1Þ

where R is the ideal gas constant, T is the absolute temperature,
P0
S ðTÞ is the equilibrium partial vapor pressure of the pure solvent

(water in our case) at temperature T, and aS is the activity of the
solvent in an NaCl solution of concentration C at temperature T. A
correlation equation has been proposed for calculating lnðP0

S ðTÞÞ
for pure water [42]:

lnðP0
S ðTÞÞ ¼ lnðPcrtÞþ

Tcrt

T
ða1τþa2τ1:5þa3τ3þa4τ6Þ ðA2Þ

where Pcrt is the critical vapor pressure, Tcrt is the critical
temperature, and the coefficients ai are summarized in Table A1.
The variable τ is defined as

τ¼ 1� T
Tcrt

ðA3Þ

The derivative of P0
S ðTÞ with respect to T to be used in Eq. (A1) is

d lnðP0
S ðTÞÞ

dT
¼ �Tcrt

T2 ða1τþa2τ1:5þa3τ3þa4τ6Þ

�1
T
ða1þ1:5a2τ0:5þ3a3τ2þ6a4τ5Þ ðA4Þ

The influence of salt concentration is reflected by the change of
solvent activity. The natural-logarithm of solvent activity in the
presence of electrolytes is given by

lnðaSÞ ¼ �vmMSϕ ðA5Þ

where v¼vMþvX, with vM and vX being the stoichiometric coeffi-
cients of the cation and anion of the electrolyte MX (e.g., for NaCl,
v¼2), m is the molality of the solution, MS is the molecular weight
of the solvent, and ϕ is the osmotic coefficient of the solution.
The latter can be calculated based on the theory of electrolyte
solutions [41]:

ϕ¼ 1�jzþ z� jAϕ
I1=2

IþbI1=2

 !
þ S
Tv

2n
2nþ1

� �
I2n ðA6Þ

In Eq. (A6), zþ and z� are the charges of the cation and anion of
the electrolyte, respectively, and I is the ionic strength of the
solution. The three adjustable parameters in this equation, b, S,
and n, can be calculated using correlation equations. However, Ge
et al. have shown that n can be treated as a constant (n¼0.645)
without compromising the accuracy. The correlation equations for
the adjustable parameters b and S as a function of T are given as [41]

bðTÞ ¼ b0þb1ðT�298:15 KÞþb2ðT�298:15Þ2 ðA7Þ

and

SðTÞ ¼ S0þS1ðT�298:15 KÞþS2ðT�298:15Þ2 ðA8Þ

with the coefficients bi and Si given in Table A1 as well.
The remaining variable in Eq. (A6) is the Debye–Huckel para-

meter Aϕ which can be calculated using the following correlation
equation [42]:

Aϕ ¼ k1þk2Tþ
k3
T
þk4 lnðTÞþ

k5
T�263 K

þk6T
2þ k7

680 K�T
ðA9Þ

The coefficients ki are also be given in Table A1. The derivative of

Table A1
Parameters used in Eqs. (A1)–(A10) (for NaCl solution).

Eq. (A2) Eqs. (A9) and (A10)

Tcrt 647.3 K k1 3.369�10�1

Pcrt 22.12 MPa k2 �6.321�10�4

a1 �7.7645 k3 9.143
a2 1.4584 k4 �1.351�10�2

a3 �2.7758 k5 2.261�10�3

a4 �1.2330 k6 1.921�10�6

k7 4.526�10�1

Eq. (A7) Eq. (A8)
b0 3.4048 S0 3.6984�10
b1 2.078�10�2 S1 1.706�10�1

b2 �9.878�10�5 S2 �1.35�10�3

Fig. A1. Specific enthalpy of vaporization, hvap, as functions of (A) NaCl concentration at different temperatures and (B) temperature T with pure water and an NaCl solution
of 5 mol kg�1.
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Aϕ with respect to T is

dAϕ

dT
¼ k2�

k3
T2þ

k4
T
� k5
ðT�263 KÞ2

þ2k6Tþ
k7

ð680 K�TÞ2
ðA10Þ

Note that all temperatures used in the equations presented above
are absolute temperatures (in units of Kelvin).

With Eqs. (A1)–(A10) and the coefficients given in Table A1,
hvap can be numerically evaluated for any given C and TP. The
dependences of hvap on C and on TP are illustrated in Fig. A1 with
representative curves.

The heat capacity of an aqueous NaCl solution, cp, at different
concentrations and temperatures can also be evaluated using
reported correlation equations [43]:

cp ¼wWcp;W þwScp;S ðA11Þ
where cp,W the heat capacity of pure water, cp,S is the heat capacity
of the solute (i.e. NaCl), and wW and wS are the mass fractions of
pure water and solute, respectively.

The dependence of cp,W on temperature has been tabulated [42]
and we propose the following correlation equation based on the
tabulated data:

cp;W ¼ c0þc1Tþc2T
2þc3T

3þc4T
4þc5T

5 ðA12Þ
The heat capacity of the solute cp,S can be calculated using the

proposed correlation [42]:

cp;S ¼ f 1expðf 2Tþ f 3expð0:01TÞþ f 4wSÞþ f 5w
f 6
S ðA13Þ

Note that the temperatures T in both Eqs. (A12) and (A13) are in
Celsius. The coefficients ci and fi are given in Table A2.

The dependences of cp on C and on T are illustrated in Fig. A2
with representative curves.

Appendix B. Correlation equation for ΔTth(C,TP)

For any given C and T, the threshold temperature difference can
be calculated using the following equation:

ΔTthðC; TPÞ ¼ Tn

F ðC; TPÞ�TP ðA14Þ
with Tn

F being defined such that

pW ðC; Tn

F Þ ¼ pW ð0; TPÞ ðA15Þ
here pW(0,TP) is the partial vapor pressure of pure water and can
be calculated using Eq. (A2). To calculate pW ðC; Tn

F Þ, we should
realize

pW ðC; Tn

F Þ ¼ pW ð0; TF ÞaW ðC; Tn

F Þ ðA16Þ
which can be rewritten as

lnðpW ðC; Tn

F ÞÞ ¼ lnðpW ð0; TF ÞÞþ lnðaW ðC; Tn

F ÞÞ ðA17Þ
The first and second terms on the right hand side of Eq. (A17) can
be readily calculated using Eqs. (A2) and (A5), respectively. Fig. A3

Table A2
Parameters used in Eqs. (A12) and (A13) (for NaCl solution).

Eq. (A12) Eq. (A13)

c0 4.22 f1 �6.94�10�2

c1 �3.17�10�3 f2 �7.82�10�2

c2 9.87�10�5 f3 3.85
c3 �1.59�10�6 f4 �11.28
c4 1.37�10�8 f5 8.73
c5 �4.00�10�11 f6 1.81

Fig. A2. Heat capacity of NaCl solution as a function of (A) NaCl concentration at different temperatures T and (B) temperature T with pure water and NaCl solutions
of different concentrations in molality.

Fig. A3. Threshold temperature as a function of NaCl concentration and permeate
temperature TP. The curve in red is used in this paper. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
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shows ΔTth as a function of C and TP based on Eq. (A17). For a given
concentration, ΔTth is numerically linearly correlated to TP:

ΔTth ¼mTPþn ðA18Þ
The coefficients m and n in Eq. (A18) can be correlated to the
concentration C using the following equations (R2¼1 for both
correlations):

m¼ 2:689� 10�4C2þ4:428� 10�3Cþ8:847� 10�5 ðA19Þ
and

n¼ 3:024� 10�2C2þ4:015� 10�1Cþ2:032� 10�2 ðA20Þ

Appendix C. Analytical analysis of the DCMD module

Permeate limiting regime (PLR)

The overall heat balance of the permeate channel is given by

cp;PðQf
PT

f
P�Q0

PT
0
PÞ � ðhvap;Pþcp;PTPÞΔQMD ðA21Þ

The left hand side represents the change of heat flow in the
permeate channel, whereas the right hand side represent the
approximate heat transfer across the membrane along the entire
module, with hvap;P being the averaged specific enthalpy of
vaporization of the permeate stream and can be approximated as

hvap;P �
hvapð0; TCÞþhvapð0; Tn

HÞ
2

ðA22Þ

TP is the average temperature in the permeate channel and can be
approximated as

TP �
TCþTn

H

2
ðA23Þ

The reason of using TC and Tn

H in Eqs. (A22) and (A23) is based
on the fact that in the PLR the permeate temperature distribution
covers the whole range of temperatures, from TC to Tn

H . Eqs. (A22)
and (A23) are only approximations primarily because the trans-
membrane mass flux is not evenly distributed with TP. However,
these approximations seem to be reasonable as reflected by the
remarkable consistence between the analytical results and the
numerical results presented in Fig. 3 of the main text. The
conductive heat transfer is intentionally neglected as (i) it is very
small compared to the convective heat transfer, and (ii) it is
dependent on the membrane area and thus its relation with
ΔQMD cannot be defined.

Based on the definition of α and γ, Eq. (A21) can be rewritten as

cp;PððαþγÞTf
P�αT0

PÞ � ðhvap;Pþcp;PTPÞγ ðA24Þ
Rearranging Eq. (A24) leads to

γ � αcp;PðTf
P�T0

PÞ
hvap;Pþcp;PTP�cp;PT

f
P

ðA25Þ

Simplifying Eq. (A25) and expressing it as a function of the
working temperature results in an expression that predicts the
mass recovery rate of the feed:

γPLR � α
Tn

H�TC

ðhvap;P=cp;PÞ�ððTn

H�TCÞ=2Þ
ðA26Þ

To quantify the condition with which the operation is in PLR,
we need to realize that in PLR the effluent temperature of the feed
is higher than Tn

C . The overall heat balance of the feed channel is
given by

cp;F ðQ0
FT

0
F �Qf

FT
f
F Þ � ðhvap;Pþcp;PTPÞΔQMD ðA27Þ

The left hand side represents the change of heat flow in the feed

channel, where the right hand side approximately accounts for the
heat flow across the membrane in the whole module. Note that we
use the property of the permeate stream for the trans-membrane
heat flow because in the PLR only the permeate temperature spans
the entire temperature range from TC to Tn

H , whereas the effluent
temperature of the feed is unknown without running a numerical
simulation. Although the heat flow leaving the feed is theoretically
not exactly the same as that arriving at the permeate, the
difference is numerically negligible as have been discussed in
the main text.

Eq. (A27) can be rewritten by using γ to eliminate the flow
rates:

cp;F ½T0
F �ð1�γÞTf

F � � ðhvap;Pþcp;PTPÞγ ðA28Þ
We can then write an analytical expression of Tf

F based on
Eq. (A25):

Tf
F �

cp;FT
0
F �ðhvap;Pþcp;PTPÞγ

cp;F ð1�γÞ ðA29Þ

Combining Eqs. (A26) and (A29) and using the condition for
PLR ðTf

FZTn

CÞ leads to

αrαPLR ¼
TH�Tn

C

Tn

H�TC

ðhvap;p=cp;PÞ�ððTn

H�TCÞ=2Þ
ðhvap;p=cp;F Þþðcp;P=cp;F ÞððTHþTn

c Þ=2Þ�Tn

C

ðA30Þ

where αPLR is the critical relative flow rate below which the
operation is in PLR. Note that all variables on the right hand side
are properties of the solution and/or the working temperatures.
Therefore, for any given system, the αPLR can be analytically
determined.

Feed limiting regime (FLR)

The derivation of the analytical expressions for γFLR and αFLR is
analogous to that for γPLR and αPLR. Therefore we do not repeat the
textual explanation in details, but simply present the key equa-
tions used in the derivation.

The overall heat balance of the feed can be written as

cp;F ðQ0
F T

0
F �Qf

FT
f
F Þ � ðhvap;Fþcp;PTF ÞΔQMD ðA31Þ

where hvap;F and TF are defined as

hvap;F �
hvapðC; Tn

CÞþhvapðC; THÞ
2

ðA32Þ

and

TF �
Tn

CþTH

2
ðA33Þ

Eliminating the flow rates in Eq. (A31) using α and γ yields

cp;F ½T0
F �ð1�γÞTf

F � � ðhvap;Fþcp;PTF Þγ ðA34Þ
Note that the heat capacity on the right hand side is cp,P instead of
cp,F. Rearranging Eq. (A34) and replacing Tf

F with Tn

C ; T
0
F with TH,

and TF with ðTn

CþTHÞ=2 leads to the analytical expression for the
mass recovery rate in the FLR:

γFLR �
TH�Tn

C

ðhvap;F=cp;F Þþðcp;P=cp;F ÞððTHþTn

CÞ=2Þ�Tn

C

ðA35Þ

The overall heat balance in the permeate channel can be
expressed as

cp;PðQf
PT

f
P�Q0

PT
0
PÞ � ðhvap;Fþcp;PTF ÞΔQMD ðA36Þ

Eliminating the flow rates in Eq. (A36) using α and γ yields

cp;P ½ðαþγÞTf
P�αT0

P � � ðhvap;Fþcp;PTF Þγ ðA37Þ
The condition for FLR is Tf

PrTn

H , which after combining with
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Eqs. (A35) and (A37), leads to

αZαFLR ¼
TH�Tn

C

Tn

H�TC

ðhvap;F=cp;PÞþððTHþTn

CÞ=2Þ�Tn

H

ðhvap;F=cp;F Þþðcp;P=cp;F ÞððTHþTn

c Þ=2Þ�Tn

C

ðA38Þ

Equivalence between αPLR and αFFLR

Due to the approximations used in the derivations, Eqs. (A30)
and (A38) are of different forms mathematically. However, in
theory there should be a single critical α that divides the PLR
and the FLR for unlimited mass transfer (i.e. large χ). This can be
confirmed by numerically comparing the αPLR and αFLR in different
conditions, an example of which is given in Fig. A4.

Appendix D. Temperature distribution profiles with the same
mass transfer kinetics parameter χ

See Fig. A5 and Table A3.

Nomenclature

AMD membrane area in the MD module (m2)
AHX exchange area in the HX module (m2)
C electrolyte concentration (in molality) of the NaCl

solution (mol kg�1)
Cp,L(C) heat capacity of NaCl solution of concentration C

(kJ kg�1 1C�1)
cp,V heat capacity of water vapor (kJ kg�1 1C�1)
cp,P, cp,F heat capacity of the permeate and feed in MD,

respectively (kJ kg�1 1C�1)
cp,h, cp,c heat capacity of the hot stream and cold stream in

HX, respectively (kJ kg�1 1C�1)
hL,W(T) specific enthalpy of liquid water at temperature T

(kJ kg�1)
hL(C,T) specific enthalpy of an NaCl solution (of concentra-

tion C) at temperature T (kJ kg�1)
hV(T) specific enthalpy of water vapor at temperature T

(kJ kg�1)
hvap(C,T) specific enthalpy of vaporization of an NaCl solu-

tion (of concentration C) at temperature T (kJ kg�1)
hvap;F average specific enthalpy of vaporization of the

feed stream, defined by Eq. (38) (kJ kg�1)
hvap;P average specific enthalpy of vaporization of the

permeate stream, defined by Eq. (35) (kJ kg�1)
hvap,W(T) specific enthalpy of vaporization of water at tem-

perature T (kJ kg�1)
Jm trans-membrane mass flux (kg m�2 min�1)
kc,MD thermal conductivity of the MD membrane matrix

(kJ m�1 min�1 1C�1)
Km,MD mass transfer coefficient in MD (kg m�2 min�1 1C�1)
Kc,MD conductive heat trasnfer coefficient in MD

(W m�2 1C�1)
Kc,HX heat transfer coefficient in HX (W m�2 1C�1)
LMD length of the MD module (m)
LHX length of the HX module (m)
pW(C,T) partial vapor pressure of an NaCl solution (of

concentration C) at temperature T (kPa)
qC heat transferred to the heat sink to bring the

stream temperature to TC (kJ)
qH heat supplied by the heat source to bring the

stream temperature to TH (kJ)
qm trans-membrane heat flux in MD (kJ m�2 min�1)
Qi mass flow rate of stream i (kg min�1)
QH, QC mass flow rates of the hot stream and the cold

stream in the HX module, respectively (kg min�1)
QF, QP mass flow rates of the feed and the permeate

streams in the MD module, respectively (kg min�1)
Si stream i in the MD–HX system diagram (Fig. 1A)
Ti temperature of stream i (1C)

Fig. A4. Comparison between αPLR, as determined by Eq. (A30), and αFLR, as
determined by Eq. (A38). A slope very close to 1.0 signifies the equivalence
between αPLR and αFLR. Here only the temperature of the heat source is varied.
However, it can be easily shown that such an equivalence applies in other
conditions.

Fig. A5. Temperature distributions for feed and permeate flow in the MD module
with different combinations of parameters that lead to a χ¼0.03. The details of
parameter combinations can be found in Table A3. It shows that as long as χ is kept
constant, the temperature distributions in the MD module will be the same.

Table A3
Details of parameter combinations used in the calculations for Fig. A5.

Km,MD (kg m2 K�1 min�1) AMD (m) QF,0 (kg min�1)

C-0 (reference) 0.03 50 50
C-1 0.06 — 100
C-2 0.06 25 —

C-3 – 100 100

� α¼1.0, TH¼60 1C, TC¼20 1C
� The “–” means the same values as in C-0 (reference combination)
� All combinations satisfy the requirement that χ¼0.03
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TF, TP temperatures of the feed and permeate streams in
MD, respectively (1C)

T0
F ; T

0
P influent temperatures of the feed and permeate

streams in MD, respectively (Fig. 1C) (1C)
Tf
F ; T

f
P effluent (final) temperatures of the feed and

permeate streams in MD, respectively (Fig. 1C) (1C)
Th, Tc temperatures of the hot and the cold stream in HX,

respectively (1C)
T0
h; T

0
c influent temperatures of the hot and the cold

streams in HX, respectively (1C)
Tf
h; T

f
c effluent temperatures of the hot and the cold

streams in HX, respectively (1C)
TH, TC temperatures of the heat source and heat sink,

respectively (1C)
Tn

HðCÞ temperature of pure water at which its partial
vapor pressure is equal to the water partial vapor
pressure of an NaCl solution (of concentration C) at
temperature TH (1C)

Tn

CðCÞ temperature of an NaCl solution (of concentration
C) at which its water partial vapor pressure is equal
to the partial vapor pressure of pure water at
temperature TC (1C)

Tn

F ðC; TPÞ temperature of the feed in MD (of an NaCl con-
centration C) at which the partial vapor pressure is
equal to that of the permeate at TP (1C)

Tn

PðC; TF Þ temperature of the permeate in MD at which the
partial vapor pressure is equal to that of the feed (of
an NaCl concentration C) at Tn

P (1C)
ΔT difference between the feed and permeate tem-

peratures (1C)
ΔTth threshold temperature difference at which the

partial vapor pressures of the feed and the perme-
ate in MD are the same (1C)

x axial position along the MD or HX module (m)
z position in the direction normal to the membrane

in MD (m)

Greek symbols

α relative mass flow rate between the permeate and
the feed in MD, defined by Eq. (31) (dimensionless)

αFLR relative mass flow rate above which the MD opera-
tion is in feed limiting regime, defined by Eq. (37)
(dimensionless)

αPLR relative mass flow rate below which the MD
operation is in permeate limiting regime, defined
by Eq. (34) (dimensionless)

αn the critical relative flow rate dividing the FLR and
PLR in MD, (αnEαFLREαPLR) (dimensionless)

β specific heat duty—the energy input required to
produce a unit mass of distillate, defined by Eq. (26)
(kJ kg�1)

χ mass transfer parameter in MD, defined by Eqs.
(40) (1C�1)

δ thickness of the MD membrane (m)
ε porosity of the MD membrane (dimensionless)
γ mass recovery rate of the feed, defined by Eq. (25)

(dimensionless)
λ heat recovery efficiency of the MD–HX system

(dimensionless)
θ relative importance of conductive heat transfer as

compared to the convective heat transfer, defined
by Eq. (43) dimensionless

ζF conductive heat flux at the feed–membrane inter-
face (kJ m�2 min�1)

ζP conductive heat flux at the permeate–membrane
interface (kJ m�2 min�1)

Δζ the difference between ζP and ζF (kJ m�2 min�1)
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