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Abstract

Towards a definition of Shimrua curves in positive characteristics

Jie Xia

In the thesis, we present some answers to the question

What is an appropriate definition of Shimura curves in positive characteristics ?

The answer is obvious for Shimura curves of PEL type due to the moduli interpretation. Thus what is more

interesting is the answer on Shimura curves of Hodge type.

Inspired by an example constructed by David Mumford, we find conditions on a proper smooth curve

over a field of positive characteristic which guarantee that it lifts to a Shimura curve of Hodge type over the

complex numbers. These conditions are in terms of geometry mod p, such as Barsotti-Tate groups, Dieudonne

isocrystals, crystalline Hodge cycles and l-adic monodromy. Thus one can take them as definitions of Shimura

curves in positive characteristics. More generally, We define “weak” Shimura curves in characteristic p.

Along the way, we prove if a Barsotti-Tate group is versally deformed over a proper curve over an

algebraically closed field of positive characteristic, then it admits a unique deformation to the corresponding

Witt ring. This deformation result serves as one of the key ingredients in the proofs.
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Chapter 1

Introduction

One of the central questions in number theory is to solve Diophantine equations, i.e., to study the common

solutions of polynomials in the field of rational numbers, or more generally, in number fields. From the

perspective of algebraic geometry, the zero locus of a set of polynomial equations defines an algebraic variety

and a solution is just a point on the variety. Therefore it is important to study algebraic varieties over

number fields. Among them is a special class of algebraic varieties— the Shimura varieties.

While classical Shimura varieties are defined over number fields, there is no definition of Shimura varieties

in positive characteristics. In this thesis, we concentrate on Shimura curves and study the geometry of their

reductions in positive characteristics. Specifically, we find conditions on a proper smooth curve over a field

of positive characteristic which guarantee that it lifts to a Shimura curve of Hodge type over the complex

field. These conditions are in terms of geometry mod p and thus they shed light on a (geometrical) definition

of Shimura curves in positive characteristics.
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Shimura varieties

The theory of Shimura varieties was established by Shimura in 1950s, later developed by Langlands, and has

now become a central part of arithmetic geometry. It also plays a central role in the theory of automorphic

forms and Galois representations. For instance, a Shimura variety is attached to certain linearly reductive

group G over Q, and the geometry of the Shimura variety is closely related to the theory of automorphic

representations on G. Meanwhile, by studying the l-adic cohomology of the Shimura variety, one obtains

Galois representations which relates to the previously mentioned automorphic representation in the manner

predicted by Langlands conjecture. Harris and Taylor [19] use this philosophy to confirm the local Langlands

conjecture for GL(n).

We briefly state the definition of Shimura varieties. Let S be the Weil restriction of scalars ResC/RGm.

A Shimura datum (G,S) consists of a reductive group G defined over Q and a G(R)-conjugate class S of a

cocharacter h : S −→ GR such that

1. For any h in S, the Lie algebra g of GR, viewed as a conjugation representation of S via h, has the

type (1,−1), (0, 0) and (−1, 1).

2. The adjoint action of h(i) induces a Cartan involution on the adjoint group of GR.

3. The adjoint group of G does not have a factor H defined over Q such that the projection of h on H is

trivial.

For a compact open subgroup K of G(Af ),

ShK(G,X) = G(Q)\S ×G(Af )/K

is a complex algebraic variety. Take the inverse limit over K and the inverse system is called a Shimura

variety.

A large class of Shimura varieties admits an interpretation as moduli of certain polarized abelian vari-

eties. For instance, Shimura varieties of PEL type parametrize polarized abelian varieties with a prescribed

endomorphism ring and polarization. For PEL type, we can take the moduli description as an equivalent

definition of Shimura varieties.

Shimura varieties in positive characteristics

Though Shimura varieties in positive characteristics provide test cases for many conjectural relations among

Galois representations, automorphic forms and others, there is no definition of Shimura varieties in positive



3

characteristics. To study them, the main tool is the theory of integral models of Shimura varieties which

was developed by Milne [34] [35], Kottwitz [27], Adrian Vasiu [46], Mark Kisin [26] and many others.

Such a definition can be given for Shimura varieties of PEL type. See for example the work of Kottwitz [27]

and Milne [34]. Shimura varieties of PEL type have a natural moduli interpretation: polarized abelian

varieties with certain endomorphism algebras. We can state the moduli problem over a field of positive

characteristic as well and take the solution to be the PEL type Shimura varieties in characteristic p.

However, for Shimura varieties of Hodge type, we can not use the same strategy. Though it also has

a natural moduli interpretation, there is no Hodge theory in positive characteristics and thus the moduli

interpretation has no natural translation to positive characteristics. Via the work of Kisin [26], we are able

to define the integral canonical model of Shimura varieties of Hodge type and also a universal family over

the integral model. So one could work with the reduction of an integral canonical model at a prime p. The

disadvantage is that it is not intrinsic in characteristic p. Our goal is to find a characterization in terms of

geometry mod p of such a reduction. We are motivated by a remarkable example constructed by Mumford.

Shimura curves of Mumford type

Let K be a totally real field of degree m+1 and D be a quaternion division algebra over K which splits only at

one real place, i.e. D⊗QR ∼= H×· · ·×H×M2(R). Note there is a corestriction map Cor : Br(K) −→ Br(Q).

Further we assume that CorK/Q(D) = M2m+1(Q).

Let ¯ be the standard involution of D, and let Q = {x ∈ D∗|xx̄ = 1}. Then Q is a simple algebraic group

over Q which is the Q−form of the real algebraic group SU(2)×m×SL(2,R). Since CorK/Q(D) = M2m+1(Q),

Q admits a natural 2m+1 dimensional rational representation V whose real form is

ρ : SU(2)×m × SL(2) −→ SO(2m)× SL(2) acting on R2m+1

.

Note QC = SL(2,C)×m+1. Then VC is the tensor of m+ 1 copies of standard representation C2 of SL(2,C):

VC = C2 ⊗ C2 · · · ⊗ C2 (m+ 1 factors) (1.1)

Let

h : Sm(R) −→Q(R)

eiθ 7→I2m ⊗

 cos θ sin θ

− sin θ cos θ

 .
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Then (Q, h) defines a Shimura datum. So is (ρ(Q), ρ ◦ h). Generically ρ(Q) is the Hodge group of V .

Let Γ ⊂ QR be an arithmetic subgroup such that Γ acts freely and properly discontinuous on h. Note

ker ρ ⊂ Z(Q) and then it fixes h, Γ ↪→ ρ(Q(R)).

We call the Shimura curves corresponding to the datum (Q, h) the Shimura curves of Mumford type

(or Mumford curves, for simplicity). If we don’t specify level structures, Mumford curves mean a tower of

Shimura curves, and any two such curves have a common finite étale covering.

Induced from the representation V , a Mumford curve M admits a family of principally polarized abelian

varieties of dimension 2m. We denote the family as A −→M .

By [47, Theorem 0.5], we know any family of polarized abelian varieties over a smooth proper curve with

trivial endomorphisms and maximal Higgs field is a Mumford curve, up to taking powers and isogeny.

Main results

Let k be an algebraically closed field of characteristic p > 2 and C be a proper smooth curve over k with

genus g(C) > 1. Let Π : X −→ C be a nonisotrivial family of 2m dimensional principally polarized abelian

varieties over C. Let E be the Dieudonne crystal R1Πcris,∗(OX ) in Cris(C/W (k)) with Frobenius F and

Verschiebung V . We use Ag,1,n to denote the moduli scheme of principally polarized abelian varieties of

dimension g and level structure n.

Definition 1.0.1. (a) A curve in A2m,1,n ⊗ C is called a special Mumford curve if it is the image of a

Mumford curve in A2m,1,n ⊗ C induced by the universal family.

(b) The family X −→ C is a weak Mumford curve over k if the image of C −→ A2m,1,n (induced by the

family X /C) is an irreducible component of a reduction of a special Mumford curve in A2m,1,n ⊗ C .

The “weakness” of the weak Mumford curve, compared to good reductions is reflected in two aspects:

first, the image of C −→ A2m,1,n might have singularities. Second, the reduction of a special Mumford curve

at k might be reducible and the image is just one of the irreducible components.

Theorem 1.0.2. If

1. Xc is ordinary for some closed point c ∈ C,

2. E is irreducible and isomorphic to V1 ⊗ V2 ⊗ · · · ⊗ Vm+1 as isocrystals,

then X −→ C is a weak Mumford curve over k.

If we further assume the Higgs field associated to X −→ C is maximal, then there exists another family

of polarized abelian varieties Y −→ C such that



5

(a) there exists an isogeny Y −→X over C,

(b) Y −→ C is a good reduction of a Mumford curve.

If the family is defined over F̄p, then we can replace condition (2) by

2’. E is irreducible and isomorphic to V1 ⊗ V2 ⊗ · · · Vm+1 as F f -isocrystals for some positive integer f .

Remark 6.1.4 gives more details.

Based on Theorem 1.0.2, we can give other two variants of Theorem 1.0.2, in terms of crystalline Hodge

cycles and l-adic monodromy.

The first one is in terms of crystalline Hodge cycles. Let F̄p be an algebraic closure of Fp, C be a proper

smooth curve over F̄p with absolute Frobenius σ and g(C) > 1. Let π : X −→ C be a family of four

dimensional principally polarized abelian varieties. Since π is of finite type, it can be defined over a finite

field Fpf0 ⊂ F̄p.

Let E be the rank 8 Dieudonne crystal R1πcris,∗(OX) with Frobenius F and Verschiebung V .

Theorem 1.0.3. With notation as above, assume there exists an integer f such that f is a multiple of f0

and

1. Xc is ordinary for some closed point c ∈ C,

2. dimQ
pf

Γ((C/W (k))cris,∧4E)F
f−p2f ⊗Qpf = 1,

3. Γ((C/W (k))cris,E nd(∧2E))F
f ⊗Qpf ∼= Q×4

pf
as algebras.

Then X −→ C is a weak Mumford curve over k.

If we further assume the Higgs field of E is maximal, then there exists a family of abelian fourfolds

Y −→ C ′ such that

(a) C ′ −→ C is a finite étale covering,

(b) Y −→ X ′ is an isogeny over C ′, between Y and the pullback family of X,

(c) Y −→ C ′ is a good reduction of a Mumford curve.

It should be mentioned that this result is motivated by the classification of Hodge classes in complex

abelian fourfolds, given by Ben Moonen and Yuri Zahrin [48]. From their classification, we notice that the

abelian fourfolds of Mumford type have distinct exceptional Hodge classes from others. So we translate

this phenomenon in terms of crystalline Hodge cycles and it also gives a characterization in the generically
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ordinary case. Meanwhile, due to the lack of such a characterization for higher dimensional abelian varieties,

we can not generalized this result at the moment.

The second variant is given by l-adic monodromy. Let El be the lisse étale l-adic sheaf R1π∗(Ql) over C.

Choose a geometric point ξ̄ and a closed point c in C , and then El induces a monodromy:

ρ : π1(C, ξ̄) −→ Aut(El,c) ∼= GL(8,Ql).

Let Gl be the Zariski closure of ρ(π1(C, ξ̄)) in GL(8,Ql) and Ggeom
l be that of ρ(πgeom

1 (C, ξ̄)).

1 −→ πgeom
1 (C, ξ̄) −→ π1(C, ξ̄) −→ Gal(F̄q/Fq) −→ 1.

Then Ggeom
l is a normal subgroup of Gl.

We can associate to every rational point c ∈ C a unique (up to conjugation) Frobenius element Fc in

π1(C, ξ̄). Its image in Gal(F̄q/Fq) is the integer deg(κ(c) : Fq).

For notational simplicity, let us define the representation ρ0 : SL(2,Ql)×3 −→ GL8(Ql) as the tensor

product of three copies of the standard representation of SL(2,Ql).

Fix an embedding Ql −→ C once for all. Our theorem is as follows.

Theorem 1.0.4. Suppose there exists a closed point c ∈ C such that

1. Ggeom,o
l ⊗Ql C ∼= im ρ0 ⊗ C,

2. Xc is an ordinary abelian variety,

3. In Gl, ρ(Fc) generates a maximal torus which is unramified over Qp.

Then X −→ C is a weak Mumford curve.

If we further assume the Higgs field of X −→ C is maximal, then there exists a family of polarized abelian

fourfolds Y −→ C ′ such that

(a) C ′ −→ C is a finite étale covering,

(b) Y −→ X ′ is an isogeny between Y and the pullback family of X over C ′,

(c) Y −→ C ′ is a good reduction of a Mumford curve.

By 7.6.1 and the Chebotarev density theorem, the Frobenius element over sufficiently many points in

C generates the maximal torus in Gl. From [28], we know that the torus generated by the Frobenius Fc
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is defined over Q. So it makes sense to require the torus to be unramified over Qp, which is equivalent to

saying that the eigenvalues of the Frobenius generate a unramified extension over Qp.

We wonder if (3) can be replaced by a weaker condition, especially under the presence of (1) and (2).

More is explained in Remark 7.6.2.

So far we only deal with the generically ordinary case. In the next theorem, we present a result in the

case of general Newton slopes.

Theorem 1.0.5. Assume

1. X /C has maximal Higgs field,

2. E is an irreducible isocrystal and isomorphic to V1 ⊗ V2 ⊗ · · · ⊗ Vn as crystals where every Vi is an

rank 2 crystal.

Then X /C is a good reduction of a Shimura curve of Mumford type.

Different from Theorem 1.0.2, Theorem 1.0.5 requires E ∼= V1 ⊗ V2 ⊗ · · · ⊗ Vr as crystals, not just

isocrystals. Once we have the stronger isomorphism. we no longer need the generic ordinary condition and

the proof is much shorter than Theorem 1.0.2.

In the proofs of both Theorem 1.0.2 and Theorem 1.0.5, we need the following deformation result which

itself is an interesting theorem: Assume G is a Barsotti-Tate group over C.

Theorem 1.0.6. If G is versally deformed over C, then there exists a unique curve C ′ over W which is a

lifting of C and admits a lifting G′ of G, and G′ is unique up to unique isomorphism.

Outline

In Chapter 4, we show reductions of Shimura curves of Mumford type satisfy all the conditions in the above

five theorems. Then we prove the five theorems in the other four chapters.

In Chapter 3, we prove Theorem 1.0.6. In fact, we prove a general result on the deformation of a

Barsotti-Tate group over a base scheme Y of any dimension, not merely curves. The proof has four steps.

I Compute the obstruction class of the lifting to W2.

II First order deformation: a choice of a lifting of Y to W2 can kill the obstruction class.

III Higher order deformation: recursively apply steps I and II to Wn for any n to obtain a formal scheme

over Spf(W ).
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IV Algebraization: apply Grothendieck’s existence theorem to algebraize the formal scheme.

We prove Theorem 1.0.5 in Chapter 5. The irreducibility of all isocrystals Vi implies a tensor decompo-

sition of the Frobenius F of E . Via an analysis of the decomposition, we show E is the tensor product of a

Dieudonne crystal and a unit root crystal. Then it directly follows from Theorem 1.0.6 that X −→ C can

be lifted to a formal family over the Witt ring W (k). For the polarization, we show the polarization also

decomposes as an isomorphism on the Dieudonne crystal and a polarization on the unit root one. Then the

polarization lifts as well and then the family can be algebraized.

The proof of Theorem 1.0.2 occupies most of Chapter 6. The tensor decomposition and the generically

ordinary property imply that the isomorphism in (2) of Theorem 1.0.2 is an isogeny between Dieudonne

crystals: ψ : E −→ V1 ⊗ (V2 ⊗ · · · Vm+1).

By [9, Main Theorem 1], the isogeny ψ induces an isogeny Y −→ X between abelian schemes over C,

where V1 ⊗ (V2 ⊗ · · · ⊗ Vm) is the Dieudonne crystal associated to Y . Let G be the Barsotti-Tate group

corresponding to V1. Then in Section 6.2, we prove the second part of Theorem 1.0.3, i.e. the case with

maximal Higgs field. By Theorem 3.4.1 and changing of coordinates, we can show Y −→ C has the maximal

Higgs field. Then by Theorem 6.2.15, Y −→ C is a good reduction of a Mumford curve. We prove the

last part, i.e. the non-maximal Higgs field case in Section 6.3. The family Y −→ C induces a morphism

φ : C −→ A2m,d,n ⊗ k. Then Theorem 6.3.1 shows that im φ is a curve over which the universal family has

maximal Higgs field. Thus by Theorem 6.2.15 im φ is a reduction of a special curve in A2m,d,n ⊗ C. Then

the first part of Theorem 1.0.3 follows from Theorem 6.3.3.

Theorem 1.0.3 and Theorem 1.0.4 are treated in Chapter 7. The proof of Theorem 1.0.3 consists of

Section 7.1, 7.2 and 7.3. In Section 7.1, we mainly prove Theorem 7.1.4, that over a proper smooth curve,

a simple family of abelian varieties corresponds to a reductive group and an irreducible representation in

the Tannakian formalism. Section 7.2 and 7.3 are mainly devoted to showing how to choose the finite étale

covering to kill the obstruction and obtain the tensor decomposition. Then it is reduced to Theorem 1.0.2

Theorem 1.0.4 is proved in Section 7.4, 7.5 and 7.6. In Section 7.4, we study the dimensions of

H0
et(CF̄q ,∧

4El) and H0
et(CF̄q ,E nd(∧2El)). As a result,

dimH0
et(CF̄q ,∧

4El)F−q
2

⊗Qq = 1

dimH0
et(CF̄q ,E nd(∧2El))F ⊗Qq = 4.

(1.2)

In Section 7.5, we translate the above result to p-adic case via the comparison of Lefschetz trace formulas.

Therefore the Frobenius eigenspaces on crystalline cohomology spaces have the correct dimensions. Further,
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we conclude in Section 7.6 that conditions (2) and (3) in Theorem 1.0.4 imply

Γ((C/W (k))cris,E nd(∧2E))F ⊗Qq

is just Q×4
q as an algebra. Then it is reduced to Theorem 1.0.3.

Notation and conventions

• Let k be an algebraically closed field of characteristic p > 2.

• We abbreviate Barsotti-Tate groups as BT and truncated Barsotti-Tate group of level n as BTn.

• Let W (k) be the Witt ring with residue field k and B(k) be the fractional field of W (k).

• We use Ag,1,n to denote the moduli scheme of principally polarized abelian varieties of dimension g

and level structure n.

• We let C be a proper smooth curve over k with genus greater than 1.

• We use the curling letters X ,Y to denote a family of abelian varieties of dimension 2m over C, E the

Dieudonne crystal of X . The regular letters X and Y denote families of abelian fourfolds over C and

E the Dieudonne crystal of X.

• We use Fpf0 to denote the field of definition of X −→ C.

• Let f be an integer greater than f0. Then the category of F f -isocrystals is a (neutral) Tannakian

category. We use (GE , E) to denote the representation corresponding to E . Here GE is an algebraic

group over Qpf and E is a eight dimensional GE-representation over Qpf .
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Chapter 2

Preliminaries

We explain the concepts and state some results on crystals, Barsotti-Tate groups and Tannakian categories

which we will use later.
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2.1 Crystal

The curve C/k has a natural crystalline site cris(C/W (k)), induced from (k,W (k), p). The higher direct

image E = R1Πcris,∗(OX) of the abelian scheme π : X −→ C is a crystal in locally free sheaves.

Definition 2.1.1. A Dieudonne crystal over cris(C/W (k)) is a triple (E , F, V ) where

1. E is a crystal in locally free sheaves,

2. F : E σ −→ E and V : E −→ E σ are homomorphisms between crystals such that F ◦ V = p.IdF ,

V ◦ F = p.IdEσ .

In particular, E is a Dieudonne crystal.

Choose an arbitrary lifting C̃ of C toW (k). The category of crystals in locally free sheaves in cris(C/W (k))

is equivalent to the category of vector bundles with an integrable connection on C̃. In particular, choosing

an open affine subset U ⊂ C and a lifting Ũ of U , we have a lifting of Frobenius σ̃ over Ũ .

In the rest of the paper, by crystal, we mean a crystal in locally free sheaves. Therefore an F -isocrystal

on cris(U/W (k)) corresponds to a triple (M,∇, F ), a sheaf of module on Ũ with an integrable connection

and Frobenius F : M σ̃ −→M .

2.2 Barsotti-Tate group

A Barsotti-Tate (BT) group G over C is a p-divisible, p-torsion and the p-kernel of G is a finite locally

free group scheme. Each pi-kernel G[pi] is a truncated BT group. By [2], the crystalline Dieudonne functor

D(G) = E xt1(G,OC) associates a Dieudonne crystal over cris(C/W (k)) to G. And D(G[p]) = D(G)C admits

a filtration 0 −→ ωG −→ D(G)C −→ αG −→ 0.

In the context of the Theorem 1.0.2, E = D(X [p∞]) and the filtration on EC is just the Hodge filtration

of X /C: ω = π∗ΩX /C , α = R1π∗(OX ). In particular, EC has the Gauss-Manin connection and it induces

a OC-linear map, called Higgs field:

θ : ω −→ α⊗ Ω1
C

which is related to Kodaira-Spencer map. The Higgs field can be defined in alternative ways: one can use

ω //

**

EC //

∇
��

α

EC ⊗ Ω1
C

// α⊗ Ω1
C .
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The other is from the long exact sequence of 0 −→ π∗ΩC −→ ΩX −→ ΩX /C −→ 0 and the boundary map

· · · −→ π∗ΩX /C
∂−→ R1π∗OX ⊗ Ω1

C −→ · · · gives the Higgs field. Maximal Higgs field just means the map

θ is isomorphic.

Theorem 2.2.1. ( [9, Main Theorem 1] ) The category of Dieudonne crystals over cris(C/W (k)) is anti-

equivalent to the category of BT groups over C.

2.3 Tannakian category

Definition 2.3.1. Let L be a field of characteristic 0. A Tannakian category T (over L) is a L-linear neutral

rigid tensor abelian category with an exact fibre functor ω : T −→ VectL.

Theorem 2.3.2. ( [11, Theorem 2.11]) For any Tannakian category T , there exists an L-affine group scheme

G such that T is equivalent to RepL(G) as tensor categories.

Example 2.3.3. Let M be the Mumford curve. Choose a point c ∈ M , the category of all modules with

integral connections (MIC) on M with fibre functor F −→ Fc form a Tannakian category. By 2.3.2, it

corresponds to RepC(Guniv).

By Riemann-Hilbert correspondence, the category of MIC on M is equivalent to Rep(π1(M)). The

algebraic group Guniv can be constructed from π1(M) by Guniv = limH where H lists the Zariski closure of

image of π1(M) in GL(W ) for all complex representations W . Note the system of H is projective. So the

image of Guniv −→ Aut(W ) is exactly the Zariski closure of the image of π1(M) in GL(W ).

Let B(k) be the fraction field of W (k).

Example 2.3.4. ( [43, VI 3.1.1, 3.2.1] ) Inverting p in the category Cris(C/W (k)), we obtain the category

of isocrystals Isocris(C/W (k)). Similar to 2.3.3, the category Isocris(C/W (k)) forms a Tannakian category

over B(k), with fibre functor associated to a k-point of C. So there exists a B(k)−affine group scheme Puniv

such that the following two categories are equivalent.

{finite locally free isocrystals on C/W (k)} ←→ RepB(k)(Puniv).

An object F ′ in Isocris(C/W (k)) is called effective if it is from an object F in Cris(C/W (k)),i.e. F ′ =

F ⊗B(k). For any morphism f : F ⊗B(k) −→ G⊗B(k) between effective objects in Isocris(C/W (k)), there

exists m ∈ Z such that pmf : F −→ G is a morphism in Cris(C/W (k)).

Note different from [43, VI 3.1.1, 3.2.1], Isocris(C/W (k)) denotes just the isocrystals, not the F−isocrystals.

So Puniv is an affine group scheme over B(k), note over Qp.
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Proposition 2.3.5. For any Tannakian category T and W,V ∈ T , let < W > denote the Tannakian

subcategory generated by W , with Tannakian group GW . Similarly, < V >= RepL(GV ), < W, V >=

RepL(K). Then there exists a natural injection K ↪→ GW ×GV .

Proof. Since W,V ∈ Rep(K), by [11, 2.21], K admits surjections onto GW and GV . Then K admits a map

K −→ GW ×GV . The induced morphism Rep(GW ×GV ) −→ Rep(K) satisfies [11, 2.21(2)]. So the map is

injective.

If C is defined over a finite field, then for any finite étale covering C ′ of C and large enough integer f ,

F f -isocrystals over C ′ also form a neutral Tannakian category, equivalent to RepQ
pf

(G′univ). Let C(resp. C′)

denote the category of F f -isocrystals over C(resp. C ′). Then the pullback induces C −→ C′.

Let Γ = Aut(C ′/C) be the finite automorphism group. Then the action of Γ on C ′ induces

Γ −→ Aut⊗(C′), γ 7→ γ∗.

Obviously 1 ∈ Γ induces the identity on C′.

The covering C ′ −→ C satisfies the descent for F f -isocrystals. In other words,

Lemma 2.3.6. C can be identified as the category of

{
(X ′, {ϕγ}γ∈Γ)|X ′ ∈ ob C′, ϕγ : γ∗X ′ −→ X ′, ϕγγ′ = ϕγ′ ◦ ϕγ

}
.

Proof. The proof is an easy corollary of a more general theorem [41, Theorem 4.5]. Or we can directly

compute as follows: it suffices to show any such object (X ′, {ϕγ}γ∈Γ) can descend to C. F -isocrystal

corresponds to (W,∇W ) on C with a local Frobenius on W (Qpf ). Obviously ϕγ gives a descent datum for

vector bundles on C ′B(k0). Note a flat connection is equivalent to the descent data on the deRham space.

Thus the étale covering C ′ −→ C also satisfies the descent for connections. Thereby we have a bundle with

connection (V ′,∇V ′) on CQ
pf

. Similarly, locally the Frobenius can be descent to V ′. Taking the intersection

V ′∩W gives a coherent sheaf over C with connection. And taking a double dual gives a locally free sheaf.

Then C −→ C′ is just the forgetful functor {(X ′, {ϕγ}γ∈Γ)} 7→ X ′.

Proposition 2.3.7. Notations as above, 1 −→ G′univ −→ Guniv −→ Γ is a exact sequence.

Proof. For any object E ′ ∈ C′, ⊕γ∈Γγ
∗E ′ is invariant under Γ and thus can be descent to C. So any object in

F f -isco(C ′) is a subquotient of some object in F f -isoc(C). By [11, 2.21 (b)], G′univ is a subgroup of Guniv.

For the other side Guniv −→ Γ, consider the kernel of C −→ C′, i.e. the full subcategory K in C consisted of

objects with trivial image in C′. Then K is also Tannakian and by 2.3.6 it consists of objects (O⊕nC′ , {ϕγ}γ∈Γ)
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where OC′ denotes the trivial isocrystal over C ′. For any such object, ϕ induces a representation of Γ on kn.

Therefore K is equivalent to Rep(Γ). The inclusion K −→ C gives a morphism between groups Guniv −→ Γ.

Now it suffices to show the exactness of 1 −→ G′univ −→ Guniv −→ Γ in the middle. Let K be the kernel

of Guniv −→ Γ. Since under Guniv −→ Γ, G′univ has trivial image, G′univ ⊂ K, i.e. we have

Rep(K) −→ Rep(G′univ).

For any g ∈ Guniv such that g is in the kernel K, consider the object (⊕γ∈Γγ
∗E ′, {ϕγ}) in C and E ′ ∈ C′.

The element g fixes each direct summand γ∗E . In particular, let γ = id and g acts on E ′. Thus every

E ′ ∈ Rep(G′univ) is a natural representation of K. So K = G′univ.

Corollary 2.3.8. dimG′univ = dimGuniv.
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Chapter 3

Deformation of a Barsotti-Tate group

We will prove 1.0.6 in this chapter. This deformation result is a main ingredient in lifting a curve in

characteristic p to a Shimura curve.

Illusie, along with Grothendieck and Raynaud, developed the deformation theory of Barsotti-Tate (BT)

groups (see [21]). One result in [21] is that, roughly speaking, BT groups are unobstructed over an affine

base scheme. In this chapter, rather than an affine base, we consider the deformation of a pair of a complete

curve and a BT group over this curve. We show that there is no obstruction to lift the pair (C,G) from

characteristic p to characteristic 0 when G is versally deformed over C.

It should be mentioned that Shinichi Mochizuki has also considered a similar problem. In [36], he develop

the theory of the indigenous bundle, which is closely related to a height 2 BT group. But our method is

comparably much easier.
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3.1 Main result

In this chapter, let k be an algebraically closed field of characteristic p, W Witt ring W (k), Wn the truncated

ring W (k)/pn+1 and Y a projective smooth variety over k. For the definition of BT or truncated BT groups,

we refer to [33, Chapter 1].

Let G be a BT group over Y . Then [21, A.2.3.6] indicates that the following two conditions are equivalent.

• For any closed point y ∈ Y , let Ŷy be the completion of Y over y. The restriction of G over Ŷy is the

versal deformation of Gy in the category of local artinnian k−algebras with residue field k.

• the Kodaira-Spencer map:

ks : TY → tG ⊗ tG∗ (3.1)

is an isomorphism.

Here tG is the degree 0 cohomology of the dual cotangent complex of G, i.e. tG = H0(ľG). If the pair (Y,G)

satisfies either one of the conditions, then we say that G is versally deformed of Y .

Proposition 3.1.1. If G is a versally deformed over Y and H2(Y, TY ) = Γ(Y, TY ) = 0, then there exists a

unique lifting Y ′ of Y to W which admits a lifting G′ of G,

G //

��

G′

��

Y //

��

Y ′

��

k // W.

Further, G′ is unique up to a unique isomorphism.

Theorem 1.0.6 is an immediate corollary of 3.1.1.

Remark 3.1.2. We also have a similar result for truncated BT groups but the uniqueness is not guaranteed.

For details, see 3.3.9.

Though more general than 1.0.6, we have not found any example of such Y as in 3.1.1 other than curves.

Such an example over a curve can be obtained from the well-known fake elliptic curve.

In Section 3.2, we compute the obstruction class of the lifting to W2 and deal with the first deformation.

In Section 3.3, we solve the higher order deformation and algebraization problem. In Section 3.4, we consider

another extremal case, that is, a BT group with trivial Kodaira-Spencer map.
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3.2 First order deformation

3.2.1 Step I

First recall the following theorems by Grothendieck and Illusie:

Proposition 3.2.2. ( [21, Theorem 4.4]) Let S0 −→ S
i−→ S′ be a closed immersion defined by ideal sheaf

J ⊂ K with JK = 0 and pNOS0 = 0. Let G be a BTn group over S with n ≥ N or a BT group. Assume S′

is affine and p is nilpotent on S′. Then

1. there exists a BTn group G′ on S′ as a deformation of G,

2. the set of deformations up to isomorphism is a torsor under the group (tG ⊗ tG∗ ⊗ J)(S0)

3. if n ≥ k ≥ N , then the morphism

Def(G, i) −→ Def(G[pk], i)

is bijective.

Proposition 3.2.3. ( [21, Corollary 4.7]) Assumption as 3.2.2. Let H be a BT group on S.

1. If n ≥ N , then the map

Def(H, i) −→ Def(H[pn], i)

is bijective.

2. The automorphism group of the deformation H ′ of H to S′ is trivial.

Corollary 3.2.4. Let S0 −→ S
i−→ S′ be a closed immersion defined by ideal sheaf J ⊂ K with JK = 0.

Let G be a BTn group over S with n ≥ 1 or a BT group. Assume p is nilpotent on S′ and S0 is a proper

smooth curve over an algebraically closed field k of characteristic p. If G[p] can be lifted to S′, then G can

also be lifted to S′. So in this case, the obstruction to lift G is the same as that of G[p].

Proof. By 3.2.3 (1), we know that over any affine open U ⊂ S, GU can be uniquely lifted to U ′ ⊂ S′ which

is compatible with the lifting of G[p]U . Over U ∩ V , GU ′ and GV ′ both induce the same lifting of G[p]U∩V .

Therefore due to the bijection in 3.2.3(1), GU ′ ∼= GV ′ . Since S0 is a curve, there is no need to check the

coboundry condition. Thus {GU ′} glue to a global BT group over S.

By 3.2.2 (3), the same argument works for the truncated case.
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Remark 3.2.5. From 3.2.4, if G[p] is unobstructed, then we only know G is liftable but it may not be

globally compatible with the lifting of G[p].

Corollary 3.2.6. Assumptions as 3.2.4 and further assume G is a BT group. The deformation space

Def(G, i) is a torsor under H0(S0, tG ⊗ tG∗ ⊗ J).

Proof. Let {Ui} be an affine open cover of S. Let {U ′i} be the lifting of {Ui} to S′ and {Ui0} be the

corresponding affine open cover on S0.

By [21, 3.2(b)], the deformation space DefS′(G) (up to isomorphism) is a torsor under some k−vector

space V . By 3.2.2, for any v ∈ V and any i, there exists si ∈ (tG ⊗ tG∗ ⊗ J)(Ui0) such that v|U ′i = si. Over

each Uij ,

si|Uij0 = v|U ′ij = sj |Uij0 .

So {si} patch to a global section s of tG ⊗ tG∗ ⊗ J . Therefore we have the linear transformation

V −→ H0(S0, tG ⊗ tG∗ ⊗ J)

v 7→ s

(3.2)

It is easy to show this transformation is surjective.

The kernel of morphism (3.2) consists of the elements which induce locally isomorphisms between any

two deformations of G. Since G is a BT group, by 3.2.3 (2), over each Ui, the isomorphism between two

deformations G1 and G2 which induces the identity on G|Ui is unique. So the local isomorphisms over each

Ui can glue to a global isomorphism. Therefore the kernel is trivial. The space Def(G, i) is a torsor under

H0(S0, tG ⊗ tG∗ ⊗ J)

Theorem 3.2.7. Assumptions as 3.1.1, for any deformation Y2 of Y over W2,

1. the obstruction class obY2(G) of the deformation of G to Y2 is in H1(Y, TY ),

2. if the obstruction class vanishes, then the deformation space is a torsor under H0(Y, TY ).

Proof. (1) By 3.2.3 (2) and 3.2.4, we only need to consider the truncated BT group G. Choose any open

affine cover {Ui} of Y and the deformation U ′i of Ui to W2 is unique up to isomorphisms. By 3.2.2, G

is locally liftable and the set of deformations of GUi (up to isomorphisms) is a torsor under the group

(tG⊗ tG∗ ⊗J)(Ui). Since the thickening just has the first order, J ∼= k and the set of lifting is a torsor under

(tG ⊗ tG∗)(Ui). On Uij = Ui ∩ Uj , the restriction from GU ′i and GU ′j give two deformations of GUij . We

denote the two deformations as [GU ′ij ] and [GU ′ji ] respectively.
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By 3.2.2, we can choose sij the element in (tG ⊗ tG∗)(Uij) sending [GU ′ij ] to [GU ′ij ], i.e.

sij = [GU ′ij ]− [GU ′ji ] ∈ (tG ⊗ tG∗)(Uij).

Over Uijk, sijk = sij + sjk − sik = 0. So {sij} is a Cech cocycle in H1(Y, TY ). The vanishing of {sij} gives

a deformation of G. Note by 3.2.4, we can adjust the deformation on Ui by elements in (tG ⊗ tG∗)(Ui).

Therefore the obstruction is in H1(Y, tG ⊗ tG∗).

Since G is a versally deformed over Y , the Kodaira-Spencer map gives

tG ⊗ tG∗ ∼= TY .

(2) It directly follows from 3.2.6.

Remark 3.2.8. From the proof, we know 3.2.7 (1) also holds for truncated BT groups.

Remark 3.2.9. As in 1.0.6, if the genus g(C) ≥ 2, then H0(C, TC) = 0 and hence for the BT group G,

there is a unique (up to a unique isomorphism, 3.2.3(2)) deformation G′ to C ′, if exists. And according

to [31, Corollary 5.4], if a curve along with a family of abelian varieties is liftable, preserving the maximal

Higgs field, then the genus of the curve is necessarily greater than 2.

3.2.10 Step II

Recall that the deformation space of Y to W2 is H1(Y, TC) and Kodaira-Spencer map 3.1 induces an isomor-

phism H1(Y, TY ) −→ H1(Y, tG⊗ tG∗). Let U , V be two affine open sets of Y , with the unique deformations

U ′ and V ′ to W2.

Fix the embedding (U ∩ V )′ −→ V ′ and alternating the embedding (U ∩ V )′ −→ U ′ gives a different

lifting of Y . And all the deformations of Y can be obtained in this way.

U ′ (U ∩ V )′oo
oo // V ′

U

OO

U ∩ V

OO

oo // V

OO (3.3)

Since all the schemes involved in (3.3) are affine, we can interpret the diagram in the level of commutative

algebras:
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B′
ψ1 //

ψ2

//

/p

��

A′

/p

��

C ′oo

/p

��

B // A Coo

where ψ1 − ψ2 = pδ where δ ∈ Der(A). Here /p means quotient of p.

Let GU ′ be any deformation of GU . Then the map ψ1 and ψ2 induce two deformations GU ′ ⊗ψ1
A′ and

GU ′ ⊗ψ2
A′ of GU∩V . By 3.2.2 (2), we can denote the element in tG ⊗ tG∗(U ∩ V ) taking GU ′ ⊗ψ2

A′ to

GU ′ ⊗ψ1 A
′ as [GU ′ ⊗ψ1 A

′]− [GU ′ ⊗ψ2 A
′].

Theorem 3.2.11. Restricting the ks to U ∩ V (for the definition of ks, see the morphism (3.1)), we have

ks(δ) = [GU ′ ⊗ψ1
A′]− [GU ′ ⊗ψ2

A′].

Proof. By [21, 4.8.1], we have

ks(δ|x) = [f∗G]− [G|x ⊗k k[ε]] (3.4)

where ε2 = 0 and f : Spec k[ε] −→ Y is induced from the tangent vector δ|x. Then f induces a ring morphism

f∗ : A −→ k[ε]. Note Ax is regular and then mx is generated by s1, s2, · · · , sh where h is the dimension of

Y . We can assume that f∗(s1) is nonzero.

For any x ∈ U ∩V , by Hensel’s lemma, there exists a section x′ of Y ′ −→W2 lifting the point x. We can

choose the ideal Ix′ such that the x′ is given by A′ −→ A′/Ix′ locally on U ∩ V .

Based on (3.4) it suffices to show

[GU ′ ⊗ψ1
A′/Ix′ ]− [GU ′ ⊗ψ2

A′/Ix′ ] = [f∗G]− [G|x ⊗k k[ε]].

We can prove the result by local computation.

B //

.p

��

A

.p

��

/mx
// k

.p

��

B′

��

ψ1 //

ψ2

// A′

��

/Ix′ // W2

��

B // A // k

(3.5)

where ψ2 − ψ1 = pδ. It is easy to see that the top arrow A −→ k is the quotient by the maximal ideal mx

of x.
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Let I1 = (ψ1)−1(Ix′) and I2 = (ψ2)−1(Ix′) = (ψ1 + pδ)−1(Ix′). Note U ′ = Spec B′ and then

G1 := GU ′ ⊗B′/I1, G2 := GU ′ ⊗B′/I2

are both deformations of GU ⊗ k to W2 with

[GU ′ ⊗ψ1
A′/Ix′ ]− [GU ′ ⊗ψ2

A′/Ix′ ] = [G2]− [G1].

Since s1 ∈ I1/p = mx, we can choose a lifting s̃i of si to B′ such that s̃i ∈ I1. Then ψ2(s̃1 − p) =

(ψ1 + pδ)(s̃1 − p) ∈ Ix′ , i.e. s̃− p ∈ I2. Since mx = (s), we have

I1 = (s̃1, s̃2, · · · , ), I2 = (s̃1 − p, s̃2, · · · ).

Let I = (s̃2
1, s̃2, · · · , ps1, · · · , psn). Note I ⊂ I1 ∩ I2 and since U ′ is an affine flat scheme over W2, there

exists an injection

i : W2 ↪→ B′/I. (3.6)

Note B′/(s̃1, p) = k and there exists a section k −→ B′/(s̃2
1, p). Thus B′/(s̃2

1, p) = k[ε]/ε2. We have the

following diagram:

k[ε]

��
k B′/I

φ3

bb

φ2||

φ1

||

Joo

W2

__

(3.7)

where φ1(s̃1) = 0, φ2(s̃1) = p, φ3(p) = 0 and (B′/I)/J = k. The ideal J is generated by (s̃, p).

We consider the triple

{GU ′ ⊗B′/I,G1 ⊗W2 B
′/I,G2 ⊗W2 B

′/I}

of deformations of GU ⊗ k on B′/I where Gi ⊗W2 B
′/I is through i (see (3.6) ). Let

ξ1 =[GU ′ ⊗B′/I]− [G1 ⊗B′/I]

ξ2 =[GU ′ ⊗B′/I]− [G2 ⊗B′/I]

ξ3 =[G2 ⊗B′/I]− [G1 ⊗B′/I]

where ξi ∈ tGx ⊗ tG∗x ⊗k J( 3.2.2).
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Then φi induces

φ∗i : tG ⊗ tG∗ ⊗k J −→tG ⊗ tG∗ ⊗k pW2, i ∈ {1, 2}.

φ∗3 : tG ⊗ tG∗ ⊗k J −→tG ⊗ tG∗ ⊗k k[ε].

Choose the canonical basis (ε, p), (p), (ε) for J, pW2, εk[ε], respectively. Then φ1, φ2, φ3 are induced by

J −→ pW2,aε+ bp 7→ b,

J −→ pW2,aε+ bp 7→ a+ b,

J −→ k[ε],aε+ bp 7→ a

respectively. In particular,

φ∗2 = φ∗1 + φ∗3. (3.8)

Then we have the following relations:

1. φ∗1(ξ1) = 0, ξ1 = ξ2 + ξ3,

2. φ∗2(ξ2) = 0, φ∗3(ξ2) = [GU ⊗f k[ε]]− [GU ⊗k k[ε]],

3. φ∗1(ξ3) = φ∗2(ξ3) = [G2]− [G1].

For (1), the pull back of the pair {GU ′ ⊗ B′/I,G1 ⊗ B′/I} through φ1 is identically G1. For (2),

φ∗3(B′/I) = B/(s2) and then φ∗3(GU ′ ⊗B′/I) = GU ⊗f k[ε]. For (3), it follows from that φ1 ◦ i = φ2 ◦ i = Id.

Similarly, one can verify the other formulas.

So

0 = φ∗1(ξ1) = (φ∗2 − φ∗3)(ξ2 + ξ3) = φ∗2(ξ3)− φ∗3(ξ2) (3.9)

which implies

[G1]− [G2] = [GU ⊗k k[ε]]− [GU ⊗f k[ε]]

as an element in (tG ⊗ tG∗)(k).

Therefore, the difference of the two classes [G⊗ψ1
A′|x′ ]−[G⊗ψ2

A′|x′ ] is the same as the difference between

the trivial deformation to k[ε] and the deformation given by s, which is exactly ks(δ|x).

Fix a lifting Y −→ Y2 of Y . By 3.2.7, obY2(G) = (sij) ∈ H1(Y, tG ⊗ tG∗) where sij = [GU ′ij ] − [GU ′ji ].

Since Y is liftable to W2 and H1(Y, TY ) ∼= H1(Y, tG ⊗ tG∗), {sij} takes Y2 to another lifting of Y . Further,
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by 3.2.11, the Kodaira-Spencer map induces a bijection

DefW2(Y ) −→H1(Y, tG ⊗ tG∗) 3 obY2(G)

Y ′2 7→ks([Y ′2 ]− [Y2]).

(3.10)

Then there is a lifting of Y to W2 which admits a deformation of G. Explicitly, we change the gluing

U ′ij −→ U ′i by the derivation δij = ks−1(−sij) and then the new GU ′i is isomorphic to GU ′j and U ′i still patch

to a scheme which lifts Y .

That is how we adjust the lifting of Y to kill the obstruction. It is clear that such a lifting is unique.

Therefore we obtain a unique first-order deformation of Y such that G can be deformed.

We have finished the first order thickening.

3.3 Higher order deformation

3.3.1 Step III

Suppose we have solved the deformation problem up to order n, i.e. there exists a unique deformation

Gn −→ Yn of G −→ Y . Since H2(Y, TY ) = 0, the deformation of Yn to Wn+1 is unobstructed.

We would like to complete the following diagram

G //

��

Gn

��

// ?

��

Y // Yn // Yn+1.

It is easy to check that 3.2.7(1) is still true for the higher order deformation, and thus the obstruction class

obYn+1
(Gn) is still in H1(Y, TY ).

Proposition 3.3.2. Theorem 3.2.11 is also true for higher order thickening.

Proof. We prove it by induction.

Based on the induction hypothesis that the proposition is true for n−th order thickening, we just mimic

the proof of 3.2.11. Similar to the diagram 3.3, we can adjust the lifting Yn −→ Yn+1 by

Un+1 (Un+1 ∩ Vn+1)oo
oo // Vn+1

Un

OO

Un ∩ Vn

OO

oo // Vn

OO
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In terms of algebra, correspondingly, the diagram (3.5) becomes :

B
δ //

.pn

��

A

.pn

��

/mx
// k

.pn

��

Bn+1

ψ+pnδ
//

ψ
//

��

An+1

/Ixn+1
//

��

Wn+1(k)

��

Bn // An
/Ixn // Wn

where δ|x is given by f : k[ε] −→ U ∩ V, ε 7→ s ∈ mx/m
2
x.

Let GUn+1
be any deformation of (Gn)Un to Un+1. Let

I1 := ψ−1(Ixn+1
), I2 := (ψ + pδ)−1(Ixn+1

).

Then Bn+1/I1 ∼= Bn+1/I2 ∼= Wn+1(k). We use s̃ to denote the lifting of s to Bn+1 such that s̃ ∈ I1. Then

I2 = (s̃− pn, · · · ), I1 = (s̃, · · · ).

Let

G1 := GUn+1
⊗Bn+1/I1, G2 := GUn+1

⊗Bn+1/I2.

Choose I = (s̃2, · · · , ps̃) and J = (s̃, · · · , pn). Similar to diagram 3.7, we have

Bn+1/I1

zz

k Wn
oo Bn+1/I2oo Bn+1/I

φ3xx

φ1

ff

φ2oo

Wn[ε]/(pε)

dd

where φ1(s̃) = 0, φ2(s̃) = pn, φ3(pn) = 0 and (Bn+1/I)/J ∼= Wn.

As in the proof of 3.2.11, let

ξ1 = [GUn+1 ⊗Bn+1/I]− [G1 ⊗Bn+1/I]

ξ2 = [GUn+1 ⊗Bn+1/I]− [G2 ⊗Bn+1/I]

ξ3 = [G2 ⊗Bn+1/I]− [G1 ⊗Bn+1/I]
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where ξi ∈ tGx ⊗ tG∗x ⊗ J .

Similar to Equation 3.8, we have

φ∗2 = φ∗1 + φ∗3.

Therefore the same result as Equation 3.9 holds for the higher order deformation.

We obtain that

[GUn+1
⊗Bn+1/I1]− [GUn+1

⊗Bn+1/I2] = [Gn ⊗Bn/I]− [Gn ⊗Bn/Ixn Wn(ε)].

The right hand side is the deformation of G|Un ⊗Wn and mod p, it is just

[G⊗f k[ε]]− [G⊗k k[ε]] = ks(δ).

Therefore by functorality, the right hand side is

[Gn ⊗Bn/I]− [Gn ⊗Wn Wn(ε)] = ks(δ).

Therefore the result of 3.2.11 is also true for the higher order deformation.

Let ι : Spec Wn −→ Spec Wn+1. Proposition 3.3.2 implies (3.10) holds in the higher order case:

Def(Yn, ι) −→ H1(Y, tG ⊗ tG∗)

is bijective. Then we can always adjust the lifting Yn+1 so that it admits a lifting Gn+1 as BT or BTn

groups.

In the following, we only consider the BT group case. By 3.2.9, for a BT group G, the lifting of G to Y2

is strongly unique. Since 3.2.3(2) and 3.2.6 also hold for higher deformation case, the lifting of BT group G

is strongly unique for the deformation problem Y ↪→ Yn−1 ↪→ Yn. In this case, we have a canonical choice of

deformations {Yn} of Y such that each Yn admits the unique BT group Gn.

Proposition 3.3.3. For a BT group G, the sequence of deformations {Yn} of Y which admits a deformation

of G is unique.
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3.3.4 Step IV

In this step, we always assume G is a BT group. By 3.3.3, we have a formal scheme

Ĝ = limGn −→ Ŷ = limYn −→ Spf(W).

A natural question is whether there exists actual schemes

G′ −→ Y ′ −→W

that base change to Wn, it is Gn −→ Yn.

Recall the Grothendieck existence theorem: let A be a noetherian ring, I an ideal of A and W = SpecA,

Wn = SpecA/In+1, Ŵ = colimnWn = Spf(A).

Theorem 3.3.5. ( [17, 5.1.4] ) Let X be a noetherian scheme, separated and of finite type over Y , and let

X̂ be its I−adic completion. Then the functor F 7→ F̂ from the category of coherent sheaves on X whose

support is proper over Y to the category of coherent sheaves on X̂ whose support is proper over Ŷ is an

equivalence.

Theorem 3.3.6. ( [17, 5.4.5] ) Let X −→ Spf(A) be a formal scheme and L an ample line bundle on over

X , then (X ,L ) are algebraizable.

Thus the formal projective variety {Yn} is algebraizable. Denote the algebraic variety as Y ′.

Corollary 3.3.7. Let X/W be as the 3.3.5. Then

1. Z −→ Ẑ is a bijection from the set of closed subschemes of X which are proper over W to the set of

closed formal subschemes of X̂ which are proper over Ŵ .

2. Z −→ Ẑ is an equivalence from the category of finite X−schemes which are proper over W to the

category of finite X̂−formal schemes which are proper over Ŵ .

3. If both of X and Z are proper, then (f : X −→ Z) 7→ (f̂ : X̂ −→ Ẑ) is a bijection from the set of

morphisms between X and Z to the set of formal morphisms between X̂ and Ẑ. In particular, any

finite locally free group schemes over Xn can be algebraized to a finite locally free group scheme over

X.

Proof. The first and second assertions are [23, 4.5, 4.6]. For any fn : Xn −→ Zn morphism between formal

schemes, the graph of morphism: (Xn
∼= )Γn ⊂ Xn × Zn can be algebraized to Γ ⊂ X × Z which is still

isomorphic to X and then the morphism can also be uniquely algebraized.
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Proposition 3.3.8. The formal scheme

Ĝ −→ Ŷ −→ Spf(W )

can be algebraized.

Proof. First consider the truncated case, we have an algebraization G′ −→ Y ′ of Gn −→ Yn where G′ is a

finite locally free group scheme over Y ′. It remains to show G′ is BTn. It suffices to show it satisfies the

exact sequence for any l ≤ k:

0 −→ G′[pl] −→ G′ −→ G′[pk−l] −→ 0.

Since the algebraization of closed subschemes and morphisms are unique up to isomorphism, the algebraiza-

tion of Gn[pl] −→ Gn gives a pl−torsion subgroup G′[pl] −→ G′ and the composition G′[pl] −→ G′ −→

G′[pk−l] is trivial. Furthermore, the morphism Gn/Gn[pl] ∼= Gn[pk−l] can also be algebraized.

For the BT groups, any BT group Gn can be represented as a colimit colimkGn[pk] and Gn[pk] can be

algebraized to G′[pk] for each k. Since the algebraization preserves the morphism, G′[pk] is still an inductive

system and colimkG
′[pk] is a BT group. Therefore the BT group Gn can be algebraized too.

We have just finished the proof of 3.1.1 and 1.0.6.

3.3.9 The truncated case

For a BTn group G versally deformed over Y/k, by 3.3.2, G is unobstructed. But since 3.2.7(2) may not be

true for BTn, the lifting of G may not be unique and consequently the choice of Ym may not be unique if m

is large enough. But we still have the following weaker result:

Theorem 3.3.10. Let Y be a smooth projective variety. If a BTn group G is versally deformed over Y ,

liftable to W and Γ(Y, TY ) = 0, then there exists a unique variety Yn/Wn and BTn(may not be unique)

Gn/Yn such that the following diagram

G

��

// Gn

��

Y //

��

Yn

��

k // Wn

is a fibre product.
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Proof. We have known the existence from Step I, II and III. So it suffices to show the uniqueness of Yn. We

prove it by induction.

From 3.2.11, Y2 is unique for any n ≥ 1. By [21, Theorem 4.4(d)], we know for any G′ ∈ DefY2(G), the

morphism

Aut(G′) −→ Aut(G′[pn−1]) (3.11)

is trivial. Note we have H0(Y, tG ⊗ tG∗) ∼= H0(Y, TY ) = 0 and the morphism (3.2) is null . So for any

G′, G′′ ∈ DefY2(G), G′ and G′′ are locally isomorphic. Restricting to G′[pn−1] and G′′[pn−1], these local

isomorphism are unique and then compatible on the overlapping. Thus we have

G′[pn−1] ∼= G′′[pn−1]

globally. By 3.2.4, all the deformation to Y2 has the same obstruction class to the second order deformation.

Then by 3.3.2, there exits a unique Y3 admits the deformation.

Assume that Yk−1 is unique with k − 2 < n and all the deformations in DefYk−1
(G) share the same

pn−k+2−kernel, i.e. for any G′, G′′ ∈ DefYk−1
(G), globally

G′[pn−k+2] ∼= G′′[pn−k+2].

Then by 3.2.4 and 3.3.2, the obstruction to deform G′[pn−k+2] from Yk−1 gives a unique lifting Yk−1 −→ Yk.

And by the same argument in the Y2 case, the different lifting of G′[pn−k+2] share the same p− kernel, i.e.

for any K ′,K ′′ ∈ DefYk(G),

K ′[pn−k+1] ∼= K ′′[pn−k+1].

So we can keep induction until k = n.

For higher order deformations, there may not exist a canonical choice of Ym. However, since the lifting

of BTn is always unobstructed, using the result in Step IV, we have

Theorem 3.3.11. Assumption as 3.3.10. There exists a smooth projective variety Y ′ over W (k) and a BTn



29

group G′ −→ Y ′ such that the following diagrams

G //

��

G′

��

Y //

��

Y ′

��

k // W

are both fibre products.

3.4 A BT group with trivial Kodaira-Spencer map

Another extremal case is G with trivial Kodaira-Spencer map over Y , or equivalently, a Dieudonne crystal

over cris(Y/W ) with trivial Higgs field. Let V be the Dieudonne crystal D(G) associated to G with the

Hodge filtration

0 −→ ω −→ (V)Y −→ t −→ 0

and trivial Higgs field θ : ω −→ t⊗ Ω1
Y . Let F and V be the Frobenius and Verschiebung for V. Then over

Y , kerF = im V = ωσ.

Theorem 3.4.1. If a BT group G has trivial Kodaira-Spencer map over Y , then there exists a BT group H

such that H(p) = G.

Proof. Since θ = 0, the connection preserves the subbundle ω. Choose a lifting Y ′ of Y to W . Then the

crystal V corresponds to a bundle with an integral connection. For notational simplicity, we still denote it

as (V,∇). Let L = π−1(ω) ⊂ V be the inverse image of ω under π : V −→ VY . Since ∇ preserves ω, ∇

preserves L, ∇ : L −→ L⊗ Ω1
Y ′ .

For any affine open subset U ⊂ Y ′, choose a lifting of the absolute Frobenius σ to U . Then Lσ ⊂ Vσ.

Since π(Lσ) = π(V (V)), we have Lσ = V (V) ∼= V. In particular, Lσ is isomorphic to a vector bundle over

U . It implies that L itself can be viewed as a vector bundle over Y ′.

It remains to define the Frobenius FL and Verschiebung VL for L locally. Over any U , V : Vσ −→ V

induces just the inclusion L −→ Lσ ∼= V, which can be chosen to be VL. And F (Lσ) = F (V (V)) = p.V ⊂ L.

So F induces a morphism FL : Lσ −→ L. Since both of FL and VL are restriction of F and V , we have

FL ◦ VL = VL ◦ FL = p.Id.

Therefore (L,∇, FL, VL) corresponds to a Dieudonne crystal whose Frobenius pullback is isomorphic to

V. By [9, Main Theorem 1], such a crystal corresponds to a BT group H and H(p) = G.
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Chapter 4

Examples

In this chapter, we prove that some reduction of Mumford curves satisfies all the assumptions in the theorems.

We state the main result in the first section. In Section 4.2, we introduce the basic definitions. By Lefschetz

principle 4.2.4, a Mumford curve with the universal family can descend to a Witt ring whose special fibre

X/C is smooth. The definition of Mumford curves implies the Dieudonne crystal D(X/C) of the abelian

scheme X is a tensor product of m+ 1 rank 2 crystals:

D(X) ∼= V1 ⊗ V2 ⊗ V3 · · · ⊗ Vm+1.

In Section 2.3, we set up some notation and basic facts of Tannakian categories. In Section 4.3, we prove

two important lemmas (4.3.2, 4.3.3) in context of abstract Tannakian categories. They are key ingredients

in determining the Tannakian groups of the rank 2 isocrystals and their Frobenius pullback.

In Section 4.4, we describe the structure of Vi in the terminology of Tannakian categories. It is shown

in 4.4.2 that the Tannakian group of each isocrystals Vi is SL(2). Furthermore, we investigate the tensor

decomposition of the Frobenius morphism F . Firstly, it is shown in 4.4.3 that F can be decomposed to

the tensor product of φi which are morphisms between rank 2 crystals. Secondly, imposing the generically

ordinary assumption permits a refinement, i.e. the permutation s in 4.4.3 fixes an index, say 1. Lastly, we

adjust φ1 to be an actual Frobenius morphism of a rank 2 crystal. That requires us to prove that σ∗ − Id

on Pic (C/W (k)cris) is surjective. This step is in Section 4.5.

Summarizing the above results in Section 4.6, we construct a rank 2 Dieudonne crystal V and a rank 2m

unit root crystal T , such that D(X̃/C̃) ∼= V ⊗ T . We conclude the proof of 4.1.2 in Section 4.7 by studying

the BT groups corresponding to V and T .
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4.1 Main result

Definition 4.1.1. For any prime number p and integer m, we say the pair (X̃ −→ C̃, k) satisfies (∗p,m) if

it satisfies the following properties:

1. k is an algebraically closed field of characteristic p,

2. C̃ is a proper smooth curve over W (k) and X̃ −→ C̃ is a family of abelian varieties of dimension 2m

over C̃,

3. there exists a versally deformed height 2 Barsotti-Tate (BT) group G̃ and a height 2m etale BT group

H̃ over C̃ such that X̃[p∞] ∼= G̃⊗ H̃ := colimn(G̃[pn]⊗ H̃[pn]),

4. the reduction of X̃ −→ C̃ at k is generically ordinary.

A height 2 BT group G̃ over C̃ is versally deformed if the Kodaira-Spencer map TC̃ → tG̃ ⊗ tG̃∗ is an

isomorphism, or equivalently the Higgs field θG̃ (see Section 4.7) is an isomorphism.

Theorem 4.1.2. Let A −→ M be a Mumford curve, parameterizing principally polarized abelian varieties

of dimension 2m. For infinitely many primes p, there exists a pair (X̃ −→ C̃, k) satisfying (∗p,m) (see

Definition 4.1.1) and

(X̃ −→ C̃)⊗W (k) C = (A −→M).

Remark 4.1.3. To choose p, it suffices to require that

1. p > 2, see 4.5.7

2. M admits a good reduction at the place p, see 4.2.4

3. the reflex field of M is splitting over p, see 4.4.6.

Then such primes have positive density among all primes.

Let H be the reduction of H̃ over C.During the proof of 4.1.2, we have that the crystal D(H) is isomorphic

to V2 ⊗ V3 · · · ⊗ Vm+1 (4.3.3). The Frobenius F is a morphism permuting Vi.

4.1.4 For 1.0.2

The decomposition E ∼= V ⊗ V2 · · · ⊗ Vm+1 as isocrystals follows directly from 4.1.2 and above remarks. So

the reduction X −→ C of X̃ −→ C̃ satisfies (1) and (2) in 1.0.2.

By [37, 0.9], the universal family over a Shimura curve of Hodge type has maximal Higgs field, and hence

the Higgs field of the special fibre X /C is also maximal.
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4.1.5 For 1.0.3

We use X̃
f̃−→ C̃ to denote the Mumford curve over the Witt ring W (k), parametrizing abelian fourfolds.

Then E := D(X/C) has the decomposition E ∼= V1 ⊗ V2 ⊗ V3 as F 2-isocrystals. We can identify E as its

corresponding vector bundle with a connection R1π̃∗(Ω
.
X̃/C̃

).

For Condition (3) in 1.0.3, note Qpf0 is the field of definition. The self product of the polarization gives

dimQ
pf0

Γ(C̃, R4π̃∗(Ω
.
X̃/C̃

)(2f))F
f

⊗Qpf0 ≥ 1

for any integer f .

Base change to algebraically closed field Q̄p and E becomes a local system, with algebraic monodromy

G = SL(2)×3. Hence E corresponds to a tensor product of three standard representation of SL(2, Q̄p).

Direct computation of the invariants gives Γ(C̃,∧4R1π̃∗(Ω
.
X̃/C̃

))⊗ Q̄pf0 = 1. We have

dimQ
pf0

Γ(C̃, R4π̃∗(Ω
.
X̃/C̃

))F
f−q2f

⊗Qpf0 ≤ 1.

Therefore (3) in 1.0.3 is satisfied.

For Condition (2) in 1.0.3, since E ∼= V ⊗ V2 ⊗ V3 as F 2f -isocrystals for any natural number f and

V1,V2,V3 are irreducible as isocrystals,

∧2E = S2V2 ⊗ S2V3 ⊕ S2V ⊗ S2V2 ⊕ S2V ⊗ S2V3 ⊕OC

as direct sum of simple isocrystals. Thereby the algebra End(∧2E)F
f

is isomorphic to Q×4
pf

for some f .

For Condition (1) in 1.0.3, it follows from (2) in Theorem 4.1.2.

For the maximal Higgs field, since the universal family over the Shimura curve C̃ has maximal Higgs field

(see [37, Theorem 0.9]), the Higgs field of the special fibre X/C is also maximal.

Therefore the special reduction of Mumford curve at k satisfies all the conditions of Theorem 1.0.3.

4.1.6 For 1.0.4

Let A −→M be the universal family over a Mumford curve defined over C. The curve M is defined over the

reflex field K. For any p which K splits over, A −→M admits a smooth and generically ordinary reduction

X −→ C over p ( [32]). By the definition of Mumford curve, the image of

ρC : π1(M) −→ Aut(R1π∗(C))
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is SL(2,C)×3. By Grothendieck specialization of algebraic monodromy, ρC factors through

ρ : π1(C, ξ̄) −→ Aut(R1π∗(C))

with a surjection π1(M) −→ π1(C̄, ξ̄). By the comparison of the l-adic cohomology and de Rham cohomology

R1f∗(C) ∼= R1f∗(Ql)⊗ C for any l 6= p, we know condition (1) and (2) holds for such C.

For condition (3), we can choose c to be a CM point onM . SinceAc is simple, there is a field L ⊂ Endo(Ac)

with [L : Q] = 8. We can choose a prime p such that L is unramified over p. Then look at the reduction

c̄ and Q[Fc̄] is the center of End(Xc̄). Since L ⊂ End(Xc̄) is the maximal commutative subalgebra, F ∈ L

and in particular, F is unramified over p.

So with a careful choice of p, the resultant reduction of a Mumford curve satisfies all the conditions in

1.0.4.

4.2 The reduction of Mumford curves

4.2.1 Monodromy

In Chapter 1, we review the construction of a Mumford curve M = Γ\h, from the representation of reductive

group ρ : G −→ Aut(V ) over Q. Since h is simply connected, π1(M) = Γ. The local system V induces a

monodromy Γ −→ Aut(VC). Further, the tensor components C2 of VC also admit representations of Γ and

hence also monodromy. Since ΓC ⊂ QC ∼= SL(2)×3, ∧2C2 is a trivial representation of Γ.

Definition 4.2.2. For any monodromy Γ −→ GL(n), the algebraic monodromy group is defined to be the

Zariski closure of the image of the monodromy. The connected algebraic monodromy group is the connected

component of the identity of the algebraic monodromy.

Proposition 4.2.3. The algebraic monodromy group induced by C2 in (1.1) is SL(2,C) and that of VC is

the image of SL(2,C)×m+1 in Aut(VC).

Proof. From above, the monodromy induced by the representation of Q, is tensor of m + 1 copies of mon-

odromies C2. Let Ki, 1 ≤ i ≤ n + 1 be the corresponding algebraic monodromy groups. Since ∧2C2 is a

trivial representation of ΓC, Ki ⊂ SL(2,C).

By [1], the connected algebraic monodromy on VQ is a normal subgroup in the Hodge group ρ(Q).

Since Q is simple, ρ(Q) is also simple over Q. Thus the connected algebraic monodromy is ρ(Q). Since

ρ(Q)C = im (SL(2,C)×m+1 −→ Aut(VC)) is connected, the connected complex algebraic monodromy of VC

is im (SL(2,C)×m+1 −→ Aut(VC)).
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Note the complex algebraic monodromy of VC is im (
∏
iKi −→ Aut(VC)). Therefore

im (
∏
i

Ki −→ Aut(VC))o = im (SL(2,C)×m+1 −→ Aut(VC)).

Then necessarily, Ki = SL(2,C) for each i.

4.2.4 Lefschetz Principle

By Lefschetz Principle (see [30]), we mean the process that all the coefficients of polynomials, defining a

variety of finite type over a field, generate a subring R of finite type over Z, such that the variety can be

defined over R. Note this process can be easily generalized to morphisms of finite type or vector bundles of

finite rank.

Apply Lefschetz Principle to A −→M and the flat vector bundles induced by C2. We obtain these data

can descend from K to a ring R finite type over Z. Throwing away finite places, we can assume R is smooth

over Z. Let k be a residue field of R with characteristic> 2 such that M admits a good reduction over k.

By smoothness of R, we have the a lifting from Spec Wn(k) to Spec R:

Spec k //

��

Spec R

��

Spec Wn(k) //

88

Spec Z

Therefore we find a morphism Spec W (k) −→ Spec R.

Let X̃
π̃−→ C̃ be the base change A −→ M from Spec R to Spec W (k) and Vi be the descent of the rank

2 flat bundle induced by C2 to W (k). Let X,C be the special fibre of X̃, C̃. Let E be the Hodge bundle

E = R1π̃∗(Ω
.
X̃/C̃

) and E admits the Gauss-Manin connection. By [4, Theorem 6.6], the category of crystals

on C is equivalent to the category of modules with an integrable connection (MIC). In particular, the Hodge

bundle E corresponds to the Dieudonne crystal R1π∗,cris(OX). Let us denote the crystal still as E . The

vector bundles Vi also correspond to crystals and denote the corresponding crystals as Vi as well. Then as

crystals

E ∼= V1 ⊗ V2 ⊗ V3 · · · ⊗ Vm+1.

4.3 Some lemmas on Tannakian categories

In this section, we prove some lemmas about general Tannakian categories. These lemmas will be applied

to proving 4.1.2 in the next section.
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Lemma 4.3.1. For any g ∈ GL(2), the centralizer Z(g) of g has dimension ≥ 2 as a variety.

Proof. Let g =

a b

c d

. The centralizer of g

a b

c d


x y

z w

 =

x y

z w


a b

c d


implies

bz = cy, (a− d)y = b(x− w).

Note dimGL(2) = 4. As a subvariety of GL(2), Z(g) has dimension at least 2.

The Tannakian category of isocrystals on C/W (k) is equivalent to Rep(Puniv).

Lemma 4.3.2. Let Wi, Vi ∈ Rep(Puniv) be representations over B(k), 1 ≤ i ≤ n. Let E ∼= ⊗iVi, Pi =

im (Puniv −→ Aut(Vi)) and Qi = im (Puniv −→ Aut(Wi)). Suppose we have that

F : W1 ⊗ · · · ⊗Wm+1 −→ V1 ⊗ · · · ⊗ Vm+1

is an isomorphism between representations and Pi = SL(2) for each i. Then

Qi = GL(2) or SL(2)× µk for some k.

Let Q′ be the image of Puniv −→
∏
Qi, and then the projections Q′ −→ Qi are surjective for each i.

Proof. Let P ′ be im (Q′ −→ Aut(E) ∼= GL(2m+1)). Then we have the following commutative diagram:

Q1 ×Q2 ×Q3 · · · ×Qm+1� _

��

Q′_?oo

��

SL(2)×m+1

twisted by F
ww

GL(2)×m+1 // GL(2m+1)
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Note SL(2)×m+1 −→ GL(2m+1) is twisted by F . The right triangle can be specified as

Q′

����

SL(2)×m+1

wwww
P ′

��

GL(2m+1)

where P ′ is the common image.

Since SL(2) is semisimple, so is P ′/Z(P ′). Since ker(Q′ −→ GL(2m+1)) ⊂ ker(GL(2)×m+1 −→ GL(2m+1)),

the kernel of Q′ −→ P ′ consists of just central elements. The group Q′ is an extension of central elements

and a semisimple group. Therefore Q′ is reductive and P ′ is the adjoint group of Q′. Further, Q′ −→ P ′

induces a morphism from the derived group [Q′, Q′] to P ′ which further induces a surjection to P ′/Z(P ′).

[Q′, Q′] −→ Q′ −→ P ′ −→ P ′/Z(P ′).

If the projection of [Q′, Q′] to some factor GL(2) has dimension less than 3, then one of the projections

must have dimension 4 because of dimP ′ = 3 × 2m. So one of the projections would be GL(2). Since

the kernel of Q′ −→ P ′ is finite, P ′, as the image of SL(2)m+1 −→ GL(2m+1) would have infinitely many

centers, contradiction.

Now we have the projections of [Q′, Q′] to each factor have precisely dimension 3. Therefore each

projection has the form SL(2)× µk. By comparing the dimensions, SL(2)×m+1 ⊂ im (Q′ −→ GL(2)×m+1).

Then we have a lifting

SL(2)×m+1 −→ [Q′, Q′] ⊂ Q′

such that the right triangle is commutative

Q1 ×Q2 ×Q3 · · · ×Qm+1� _

��

Q′_?oo

��

SL(2)×m+1

twisted by F
ww

oo

GL(2)×m+1 // GL(2m+1) .

Now we classify the elements with finite kernel in Hom(SL(2)×m+1, GL(2)×m+1).

First, recall that all automorphisms of SL(2) are inner and hence Hom(SL(2), GL(2)) consists of the triv-

ial morphism and the conjugation by some element inGL(2). For any morphism f ∈ Hom(SL(2)×m+1, GL(2)×m+1),
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restricting to each factor of SL(2) gives m+ 1 inclusions SL(2) ↪→ GL(2). Explicitly,

(g1, 1, 1, · · · ) 7→ (ψ11(g1), ψ12(g1), ψ13(g1), · · · )

(1, g2, 1, · · · ) 7→ (ψ21(g2), ψ22(g2), ψ23(g2), · · · )

(1, 1, g3, · · · ) 7→ (ψ31(g3), ψ32(g3), ψ33(g3), · · · ).

Then ψ11(g1) and ψ21(g2) commute for any gi ∈ SL(2). Note all the automorphisms of SL(2) are inner. So

if neither of ψ11 and ψ12 is an identity, then there exists h, k ∈ GL(2) such that ψ11, ψ21 are conjugation by

h and k, respectively. Then for any gi ∈ SL(2),

hg1h
−1kg2k

−1 = kg2k
−1hg1h

−1 (4.1)

k−1hg1h
−1kg2k

−1h = g2k
−1hg1, (4.2)

Since Z(k−1g) in GL(2) has dimension at least 2 by 4.3.1, we can choose g2 ∈ SL(2) such that g2 6= ±I

and g2 ∈ Z(k−1g). But then from (2), g2 has to commute with g1, i.e. g2 ∈ Z(SL(2)) = ±1, contradiction.

Therefore at least one of ψ11 and ψ21 is identity. Further, each column ψ∗i has at least m identities. So each

factor SL(2) is embedded into exactly one of the m+ 1 copies of GL(2) and trivially to the others.

Then dimQi = 3 or 4. Since Qi ⊂ GL(2), Qi = GL(2) or SL(2)× µk for some integer k.

Lemma 4.3.3. Assumptions as 4.3.2, there exist a permutation s ∈ Sm+1, dimension 1 representation Li

with ⊗iLi trivial and isomorphisms

φi : Wi −→ Vs(i) ⊗ Li

such that

F = ⊗iφi.

4.3.4 Proof of 4.3.3

From the proof of 4.3.2, for each i, there exists a unique Pj = SL(2) such that Pj ↪→ Qi. This inclusion is

an isomorphism between Pj and Q0
i , which is a conjugation by some l ∈ GL(2). Without loss of generality,

assume i = 1 and j = 2.
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Note we have the following diagram:

Puniv

zzzz ## ##

Q1

f1

## ##

P2

f2

{{{{

PGL(2)

The morphism f1 is the usual quotient by the center Qi −→ PGL(2). The morphism f2 is twisted by the

conjugation by l.

Claim 1. this diagram is commutative.

Proof. We have

Puniv

���� %%

Q1 ×Q2 ×Q3 · · · ×Qm+1� _

��

Q′_?oo

��

∏
Pi

twisted by F
yy

oo

GL(2)×m+1 // GL(2m+1)

For any h ∈ Puniv, let (h1, h2, h3, · · · , hm+1) be the image of h in
∏
Pi and (g1, g2, g3, · · · , gm+1) image

in Q′. Then
∏
Pi 99K Q′ permutes the factors and sends (h1, h2, h3, · · · ) to (lh2l

−1, · · · ). Then (lh2l
−1, · · · )

and (g1, g2, g3, · · · ) have the same image under GL(2)×m+1 −→ GL(2m+1). Therefore Cl(h2) = tg1 for some

scalar t ∈ B(k) where Cl is the adjoint action by l. In particular, f2(h2) = f1(g1).The claim is true.

Then Puniv −→ Q1 × P2 factors through the limit of

Q1

f1

## ##

P2

f2

{{{{

PGL(2) .

Claim 2. the limit of the above diagram is P2 × Z(Q1) = SL(2)× µn or SL(2)×Gm with

P2 × Z(Q1) −→ P2 P2 × Z(Q1) −→ Q1

(h, k) 7→ h (h, k) 7→ (klhl−1).
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Proof. We can prove it directly: for any K ′ fitting in the diagram

K ′

s1
zzzz

s2
$$ $$

Q1

f1

## ##

P2

f2

{{{{

Cl

oo

PGL(2) ,

we construct the map

K ′ −→ Z(Q1)× SL(2)

k 7→ (s1(k)Cl(s2(k))−1, s2(k)).

Since the lower triangle is commutative, the map is well defined and obviously it is unique.

Consider the Tannakian category generated by {W1, V2}. Then it is isomorphic to Rep(K12) for some

algebraic group K12. By 2.3.5,

K12 = im (Puniv −→ Aut(W1)×Aut(V2)) ⊂ Q1 × P2.

Therefore by Claim 2, K12 ⊂ P2 × Z(Q1) = SL(2)× Z(Q1).

If Q1 = GL(2), then dimK12 = 4 and by GL(2) connected, K12 = SL(2)×Gm.

If Q0
1 = SL(2) and Z(Q1) = µn, then dimK0

12 = 3 and hence K0
12 = SL(2). It suffices to determine the

number of the connected components of K12. Let ζ be a generator of µn. Then ζ and −ζ are in the same

component of Q1.

1. If n ≡ 0 (mod 4), then −ζ is also a generator of µn. Therefore K12 has to be SL(2)× µn to cover the

whole Q1.

2. If n ≡ 2 (mod 4), then µn = ±I × µn
2

and hence Q1
∼= SL(2)× µn

2
. So besides SL(2)× µn, K12 also

can be Q1.

In summary, K12 = SL(2)×Gm or SL(2)× µk for some k.

Therefore as an irreducible K−representation, Wi is tensor of a SL(2)−representation and an irreducible

µk or Gm representation, i.e. Wi = Vσ(i) ⊗ Li.

This is the end of the proof of 4.3.3.
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4.4 Tensor decomposition of the Frobenius

Now we come back to the context of 4.1.2. The Dieudonne crystal E = R1πcris ∗(OX) admits the Frobenius

map:

Eσ F−→ E .

Then we have

F : Vσ1 ⊗ Vσ2 ⊗ Vσ3 · · · ⊗ Vσm+1 ⊗B(k)
∼=−→ V1 ⊗ V2 ⊗ V3 · · · ⊗ Vm+1 ⊗B(k). (4.3)

where B(k) is the fractional field of W (k). By 2.3.4, the category of isocrystals over C is Tannakian.

Proposition 4.4.1. For each i, Pi ∼= SL(2, B(k)) and Puniv −→
∏
Pi is surjective.

Proof. Since by [4, Theorem 6.6] the crystals on C/W (k)cris are exactly vector bundles with a connection

over C̃, RepC(Puniv⊗C) is a Tannakian subcategory of RepC(Guniv). By functorality, Guniv −→ Aut(E⊗C)

factors through Puniv ⊗ C. By 4.2.3 and 2.3.3 ,

P ⊗ C =im (Guniv −→ Aut(V )) = im (SL(2,C)×m+1 −→ Aut(C2⊗m+1
))

Pi ⊗ C =im (Guniv −→ Aut(C2)) = SL(2,C).

The group Pi is a B(k)−form of SL(2) and admits a faithful two dimensional representation. Therefore

Pi ∼= SL(2, B(k)).

Therefore P = im (Puniv −→
∏
i Pi −→ Aut(E)) is the same as

∏
i Pi −→ Aut(E), after tensoring with

C. Since it is faithfully flat, it is also true over B(k) and P = im (
∏
i Pi

⊗−→ Aut(E)). Further, since the

kernel of (
∏
Pi −→ Aut(E)) is finite, im (Puniv −→

∏
i Pi) is an algebraic subgroup of

∏
i Pi with the same

dimension. Since
∏
i Pi = SL(2, B(k))×m+1 are connected,

im (Puniv −→
∏
i

Pi) =
∏
i

Pi,

i.e. Puniv −→
∏
i Pi is surjective.

Now we can interpret isomorphism (4.3) as follows. We already have a rank 2m+1 isocrystal admitting a

tensor decomposition to m+ 1 rank 2 isocrystals, each corresponding to a standard representation of SL(2).

Then for another tensor decomposition to m+ 1 rank 2 isocrystals, just as left hand side of (4.3), we expect

that each component also corresponds to a SL(2)−representation which is a corollary of 4.3.2.
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Proposition 4.4.2. For each i, Qi ∼= SL(2, B(k)).

Proof. By 4.4.1, Vi, Vσi and the isomorphism (4.3) satisfy the conditions of 4.3.2. Therefore the Tannakian

group Qi corresponds to Vσi is either GL(2) or SL(2)× µk.

Furthermore, note Vi comes from C2 in (1.1). Since the local system C2 on M has a trivial determinant,

each isocrystal Vi has ∧2Vi = OC̃ . So correspondingly detQi = 1 and thus Qi = SL(2).

Apply 4.3.3 and note that W1 and V2 are the corresponding objects of Vσ1 ⊗ B(k) and V2 ⊗ B(k) in

Rep(Puniv), respectively. We have that there exist a permutation s ∈ Sm+1, rank 1 crystals Li with ⊗iLi ∼=

OC̃ and isomorphisms

φi : Vσi ⊗B(k) −→ Vs(i) ⊗ Li ⊗B(k)

such that

F = ⊗iφi.

In fact, we can refine φi to be a morphism between crystals.

Proposition 4.4.3. There exist a permutation s ∈ Sm+1, rank 1 crystals Li with ⊗iLi ∼= OC̃ and isomor-

phisms

φi : Vσi −→ Vs(i) ⊗ Li

such that

F = ⊗iφi.

Proof. Since E is an F−crystal, we still have F : ⊗Vσi −→ ⊗Vi. Since each φi is a morphism between

effective isocrystals, by 2.3.4, there exists an integer ki such that pkiφi is a morphism in Cris(C). We can

assume pkiφi 6= 0 (mod p) at the generic point. Then p−k1−k2−···−kmφm+1 is also a morphism in Cris(C).

In fact, for any U ⊂ C and am+1 ∈ Vσm+1(U), we can find a1 ∈ Vσ1 (U), a2 ∈ Vσ2 (U), · · · such that

pkiφi(ai) 6= 0 (mod p)

for 1 ≤ i ≤ m. Then p−k1−k2−···−kmφm+1(am+1) ∈ Vm+1(U). Otherwise,

F (a1 ⊗ a2 · · · ⊗ an+1) = pk1φ1(a1)⊗B(k) p
k2φ2(a2) · · · ⊗B(k) p

−k1−k2−···−kmφm+1(am+1)

is not in V1 ⊗ V2 · · · ⊗ Vm+1(U).
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A straightforward corollary of 4.4.3 is that

Corollary 4.4.4. Viewed as a morphism between crystals, F still preserves pure tensors.

Let η be the generic point of C and Vi,η denote the restriction of Vi to the crystalline site cris(η/W (k)).

Since C parametrizes a family of polarized abelian varieties (with a level structure), it admits a map

to the moduli scheme A2m,d,n ⊗ k. If the image intersects with the ordinary locus in A2m,d,n ⊗ k, we say

“C intersects the ordinary locus” for simplicity. Note since the ordinary locus is open in A2m,d,n ⊗ k, the

statement is equivalent to the universal family over C is generically ordinary. Let

0 −→ ω −→ E −→ α −→ 0

be the weight 1 Hodge filtration associated to X̃/C̃. Then from the definition of Mumford curves, especially

the action of Hodge group Q on V , we know ω is constructed from a line bundle L in Vi for some i, say

i = 1, then

ω ∼= L ⊗ V2 ⊗ V3 · · · ⊗ Vm+1. (4.4)

Correspondingly α ∼= V1/L ⊗ V2 ⊗ V3 · · · ⊗ Vm+1 and the Hodge filtration of E comes from a filtration

L ⊂ V1:

L ⊗ V2 ⊗ V3 · · · ⊗ Vm+1 ⊂ E = V1 ⊗ V2 ⊗ V3 · · · ⊗ Vm+1.

Base change from W (k) to k. Denote the reduction of C̃ over k as C and the reduction of E as EC . Then

the Frobenius EC (p) F−→ EC factors through αC
(p) and then we have the conjugate spectral sequence:

0 −→ αC
(p) −→ EC −→ ωC

(p) −→ 0. (4.5)

Proposition 4.4.5. If C intersects the ordinary locus, then s(1) = 1.

Proof. Let c be a closed point in the intersection of ordinary locus and C. Then restricted to c, consider the

composition F ′ : E(p)
C −→ αC in the following diagram

ωC

��

E(p)
C

F ′

!!

FC // EC

π

��
αC .



43

Since Xc is ordinary, F ′c is surjective.

If s(1) 6= 1, Without loss of generality, suppose s(1) = 2. Note by 4.4.3,

F ′(E(p)
C ) = π ◦ FC(V(p)

1 ⊗ V(p)
2 ⊗ V(p)

3 · · · ⊗ V(p)
m+1)C

= π ◦ ⊗φi(V(p)
1 ⊗ V(p)

2 ⊗ V(p)
3 · · · ⊗ V(p)

m+1)C

From the conjugate spectral sequence, FC factors through α
(p)
C and α = (V1/L )⊗ V2 ⊗ V3 · · · ⊗ Vn+1, thus

φ1 : V(p)
1C −→ V2C ⊗L1C factors through V(p)

1C/L
(p), and the image of φ̄1 has rank 1. But dimk V2|c = 2. So

F ′ can not be surjective. Contradiction.

Therefore we have

φ1 : Vσ1 −→ V1 ⊗ L1 (4.6)

Remark 4.4.6. The Mumford curve M is defined over the reflex field K, and let p be the prime of K over

p.

Let r = [Kp : Qp]. Then by [32, Theorem 1.2], there are two Newton polynomials in C/k, it is either

{2m+1+ε(D) × 1
2} or {2m+1−r+ε(D) × 0, 2m+1−r+ε(D).

(
r
i

)
× i

r · · · , 2
m+1−r+ε(D) × 1}. So C intersects with

ordinary locus if and only if r = 1.

So there are infinitely many prime p over which the reduction of Mumford curve at p is generically

ordinary.

4.5 The surjectivity of (σ∗ − Id) on the Picard group

Our purpose is to construct a rank 2 Dieudonne crystal in the tensor decomposition of E . We already have

φ1 : V1 −→ V1 ⊗ L1.

So it only remains to “eliminate” L1. We can achieve this goal in next section and the key ingredient is 4.5.1

which we will prove in this section.

Let σ be the absolute Frobenius of C/k and Pic (C/W (k)cris) denote the group of the rank 1 crystals on C.

The following general principle guarantees that there exists a rank 1 crystal L ′ such that L1 = (σ∗ − Id)(L ′).

Proposition 4.5.1. The group endomorphism (σ∗ − Id) of Pic (C/W (k)cris) is surjective for any positive

integer f .
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4.5.2 The proof

Lemma 4.5.3. (σ∗ − Id) acts on W (k) surjectively.

Proof. Since k is algebraically closed, (σ∗ − Id) acts on k surjectively. Then for any b ∈W (k), we can find

(σ∗ − Id)(a0) = b− pb1

and there exists a1, a2, a3, · · · such that

(σ∗ − Id)(a1) = b1 − pb2,

(σ∗ − Id)(a2) = b2 − pb3,

(σ∗ − Id)(a3) = b3 − pb4 · · ·

Then (σ∗ − Id)(
∑
i p
iai) = b. In fact, sinceW (k) is p-adically complete,

∑
piai ∈W (k) and (σ∗ − Id)(

∑
piai)−

b is contained in pnW (k) for any n. Therefore (σ∗ − Id)(a+
∑
piai)− b = 0.

Now we recall the definition of Atiyah class. For a more detailed explanation, we refer the reader

to [20, 10.1].

Let I be the ideal sheaf of the diagonal set of X̃ × X̃ and O2∆ = OX̃×X̃/I 2.

Definition 4.5.4. For any smooth proper variety X̃ and vector bundle V over X̃, the Atiyah class is the

extension class of

0 −→ V ⊗ Ω1
X̃
−→ p1∗(p

∗
2V ⊗O2∆) −→ V −→ 0.

Atiyah class is the unique obstruction to the existence of a connection on V .

By [42, Remark 3.7], the Atiyah class of any line bundle coincides with its first Chern class. So line

bundles with a connection over a curve are exactly those of degree 0.

Lemma 4.5.5. The restriction of (σ∗ − Id) to Pic0(C/kcris) is surjective.

Proof. Note the rank 1 crystal on the site C/kcris is equivalent to a line bundle on C/k with connection.

For any L ∈ Pic (C/kcris), σ
∗(L ) = L p. So it suffices to show that for any degree 0 line bundle with

connection (L ,∇), there exists a line bundle with connection (L,∇L) such that

(L,∇L)p−1 ∼= (L ,∇).



45

Since k is algebraically closed, the Jacobian Jac(C/k) is a divisible group. Therefore we always can find

a line bundle L ∈ Jac(C/k) such that Lp−1 ∼= L .

Note the set of connections of L is a torsor under

Hom(L ,L ⊗ ωC) = Γ(ωC) = kg.

The same for L. For any two connections ∇L,∇′L on L, let ∇L −∇′L = h ∈ Γ(ωC).

Thus to find the connection ∇L, it suffices to show the (p − 1)−th power is an injection from the

connections on L to the connections on L . Then for any local section ⊗isi,

((∇L + h)p
f−1 −∇p

f−1
L )(⊗p

f−1
i=1 si)

=

pf−1∑
i=1

· · · ⊗ h.si ⊗ · · ·

=(pf − 1)(
∏
i

si)h.(1⊗ 1⊗ · · · ⊗ 1) 6= 0.

Therefore for any connection ∇L , if g = ∇L −∇p−1
L , then (∇L + g

pf−1
)p−1 = ∇L . So (σ∗ − Id) acts on

Pic 0(C/kcris) surjectively.

Lemma 4.5.6. (σ∗ − Id) maps H1(C/W (k)cris,OC̃) to itself surjectively.

Proof. By comparison theorem,

H1(C/W (k)cris,OC̃) ∼= H1(C̃,Ω.
C̃

) ∼= W (k)2g.

Let N denote the free W (k)−module with σ∗ action. Then V := N/pN is a k−vector space with p−linear

action. By a result in [39, Page 143],

V = Vs ⊕ Vn

where Vs is the semisimple part and Vn the nilpotent part. On Vn, since σ∗ acts nilpotently, (σ∗ − Id) is

invertible and hence surjective. On Vs, by 4.5.3, we can find λ such that (σ∗ − Id)(λ) = 1. Then for each k,

(σ∗ − Id)(λxk) = xk. Therefore (σ∗ − Id) acts on V surjectively.

Back to N , for any b ∈ N , we can choose a0 such that

(σ∗ − Id)(a0) = b− pb1.
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Then choose a1 such that

(σ∗ − Id)(a1) = b1 − pb2.

Following this way, we can find a2, a3, · · · . Similar to the proof of 4.5.3, we have

(σ∗ − Id)(a0 + pa1 + p2a2 + · · ·+ pnan + · · · ) = b.

Now we can prove 4.5.1:

Proof. Note Pic (C/W (k)cris) ∼= H1(C/W (k)cris,O∗C). We have the sequence

0 −→ (1 + pOC)∗ −→ O∗C −→ (OC/p)∗ −→ 0

and (σ∗ − Id) acts on the long exact sequence. Since char k > 2, the exponential and logarithm maps

converge and thus give an isomorphism between abelian groups

OC ∼= (1 + pOC)∗.

So the cohomology groups are isomorphic:

H1(C/W (k)cris,OC) ∼= H1(C/W (k)cris, (1 + pOC)∗).

We have the long exact sequence

H1(C/W (k)cris,OC) −→ H1(C/W (k)cris,O∗C)
g−→

H1(C/W (k)cris, (OC/p)∗) ∼= Pic (C/kcris) −→ H2(C/W (k)cris,OC) .

By [4, Theorem 6.6] , the category of crystals on C is equivalent to the category of vector bundles with a

connection on C̃. Therefore Pic (C/W (k)cris) is isomorphic to the group of line bundles with a connection

on C̃ and g is the pull back of such line bundle from C̃ to C. Therefore im g ⊂ Pic 0(C/kcris).

Since the obstruction to deform the line bundle from C to C̃ vanishes and the deformation preserves the

degree, Pic 0(C̃) −→ Pic 0(C) is surjective. In fact, for any degree 0 line bundle L on C̃, it corresponds to a

divisor
∑
i nipi with each pi a k−point. Then by Hensel’s lemma, each pi lifts to a W (k)−point p̃i( though

not uniquely). Let
∑
i nip̃i = L̃ ∈ Pic 0(C̃) and then L̃ reduces to L .



47

For the connection, for any (L ,∇) ∈ Pic 0(C/kcris), choose a lifting L̃ ∈ Pic 0(C̃) of L and a connection

∇̃ on L̃ . Let ∇′ be the reduction of ∇̃, then ∇′ −∇ = f ∈ Γ(ωC). Choose f̃ ∈ Γ(ωC̃) such that f̃ reduces

to f . Then ∇̃ − f̃ reduces to ∇. And g(L̃ , ∇̃ − f̃) = (L ,∇).

Therefore im g = Pic 0(C/kcris). So we have the following sequence:

H1(C/W (k)cris,OC) −→ H1(C/W (k)cris,O∗C) −→ Pic 0(C/kcris) −→ 0

By 4.5.5 and 4.5.6, we know that (σ∗ − Id) induces surjective endomorphisms on H1(C/W (k)cris,OC)

and Pic 0(C/kcris). Therefore (σ∗ − Id) maps H1(C/W (k)cris,O∗C) surjectively on itself.

Remark 4.5.7. In the proof of 4.5.1, we use the convergence of exponential and logarithm, which are true

if and only if the characteristic p > 2.

4.6 The Dieudonne crystal V and the unit crystal T

Now by 4.5.1 we can choose L ′ ∈ Pic (C/W (k)cris) such that (σ∗ − Id)(L ′) = L−1
1 (for L1 see 4.6). Then

φ1 induces an isomorphism

γ : Vσ1 ⊗L ′σ ⊗B(k) −→ V1 ⊗L ′ ⊗B(k). (4.7)

Let V = V1 ⊗L . Similarly, we have the isomorphism

β : Vσ2 ⊗ Vσ3 · · · ⊗ Vσm+1 ⊗ (L ′−1)σ ⊗B(k) −→ V2 ⊗ V3 · · · ⊗ Vm+1 ⊗L ′−1 ⊗B(k).

Denote V2 ⊗ V3 · · · ⊗ Vm+1 ⊗L ′−1 as T . Therefore as crystals,

E ∼= V ⊗ T

and as a morphism between crystals F = γ ⊗ β. Then V = pF−1 = pγ−1 ⊗ β−1.

Lemma 4.6.1. The morphism β : T σ −→ T is an isomorphism between crystals.

Proof. We have known that γ 6= 0 (mod p). Over C, 4.5shows the Frobenius

FC = γC ⊗ βC : ECσ −→ EC

induces an injection

α
(p)
C = (V1/L ⊗ L̄ ′)

(p)
C ⊗ T

(p)
C −→ EC ∼= VC ⊗ TC .



48

Therefore βC is an isomorphism between T σC and TC .

Note the fact that for any W (k)−algebra R and any r ∈ R, if the image r̄ ∈ R̄ over k is a unit, then r is

a unit in R. So β is an isomorphism between crystals T σ and T .

Then β−1 is also a morphism between crystals. Since V = pF−1 = pγ−1 ⊗ β−1, so is pγ−1. Therefore

FV := γ and VV := γ−1 can serve as Frobenius and Verschiebung of V, which makes V a Dieudonne crystal.

The fact that p−k
′
β−1 and p−kβ are isomorphisms implies T is a unit root crystal. We have the following

summary.

Corollary 4.6.2.

(V, FV = pkγ, VV = pk
′+1γ−1)

is a Dieudonne crystal,

(T , FT = p−kβ)

is a unit root crystal and

(E , F ) ∼= (V, FV)⊗ (T , FT ).

The Hodge filtration of E comes from a sub line bundle L ⊗L ′ of V.

Let the filtration FilV be L ⊗L ′ ⊂ V and FilT be the trivial filtration.

Now we switch to BT groups.

4.7 The Barsotti-Tate groups corresponding to V, T and E

From [9, Main Theorem 1], we know that over a smooth curve C/k, the category of finite locally free

Dieudonne crystals on cris(C/W (k)) is equivalent to the category of BT groups on C. Obviously (E , F, V )

corresponds to X[p∞]. Let G be the Barsotti-Tate (BT) group over C corresponding to (V, FV , VV). From [9],

we know the BT group Ḡ induces a filtration of D(Ḡ)C = VC :

0 −→ ωG −→ VC −→ tG∗ −→ 0. (4.8)

Lemma 4.7.1. The above filtration 4.8 coincides with the filtration FilV (mod p).

Proof. From 4.6.2, kerFV C = (L ⊗L ′)
(p)
C . By [9, Theorem 2.5.2 and Remark 2.5.5], the subbundle of V

satisfying this condition is unique and ωG ∼= L ⊗L ′C .
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Then the filtration FilV is just

0 −→ ωG −→ VC −→ tḠ∗ −→ 0.

Note VC admits a connection ∇ : VC −→ VC ⊗ΩC . The connection and the filtration induce the Higgs field:

θG : ωG −→ tG ⊗ ΩC .

0 // ωG

,,

// VC

∇̄
��

VC ⊗ Ω1
C

// tḠ∗ ⊗ Ω1
C

// 0.

Since T is a unit root crystal, by [3, 2.4.10], T comes from an etale BT group H̄ over C. In particular,

D(H̄[pn]) ∼= T /pn and each truncated T /pn comes from a local system [8, Theorem 2.2]

ρn : π1(C, c) −→ GL(4,Z/pn).

Then there exists a finite etale covering fn : C ′ −→ C such that π1(C ′, c) ∼= ker ρn. Therefore we have

f∗n(T /pn) ∼= O⊕mC/Wn
as unit root F−crystals. By [3, 2.4.1], over smooth curve C, the category of finite

locally free etale group schemes is equivalent to the category of p−torsion unit crystals. Thus

f∗n(H̄[pn]) ∼= (Z/pn)⊕m. (4.9)

Definition 4.7.2. Define the binary operation between two BT groups:

G⊗H := colimn(G[pn]⊗Z H[pn]).

Remark 4.7.3. Note in general G ⊗ H is just an abelian sheaf rather than a group scheme. But in our

case, H is etale and G⊗H is indeed a BT group and (G⊗H)[pn] = G[pn]⊗Z H[pn].

Proposition 4.7.4.

X[pn] ∼= Ḡ[n]⊗Z H̄[n].

Proof. We will show that D(Ḡ[n]⊗Z H̄[n]) = V ⊗ T /pn = E/pn( 4.6.2) as Dieudonne crystals. Over C ′,

DC′(f∗n(Ḡ[n]⊗Z H̄[n])) ∼= f∗n(V/pn)⊕m ∼= f∗nV/pn ⊗OC̃ f
∗T /pn (*)

as Dieudonne crystals. Both sides have effective descent datum with respect to C ′ −→ C. For any g ∈
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Aut(C ′/C), g∗ acts on both of f∗(Ḡ[n] ⊗Z H̄[n]) and f∗nV/pn ⊗OC̃ f
∗T /pn which is compatible with the

functor DC′ :

f∗(Ḡ[n]⊗Z H̄[n])
g∗
//

DC′
��

f∗(Ḡ[n]⊗Z H̄[n])

DC′
��

f∗(V ⊗ T /pn)
g∗

// f∗(V ⊗ T /pn)

is commutative( we leave the details leave to the reader). Therefore the isomorphism (*) between effective

descent datum also descends to C.

Then we have

DC(Ḡ[n]⊗Z H̄[n]) = (V ⊗ T /pn, FV ⊗ FT , VV ⊗ F−1
T ).

Since C is smooth over an algebraically closed field k, it has locally p-basis. Therefore we can apply [3,

4.1.1], the Dieudonne functor is fully faithful, so

Ḡ[n]⊗Z H̄[n] ∼= X[pn].

Corollary 4.7.5. Ḡ⊗H = X[p∞].

To complete the proof of 4.1.2, it remains to show the isomorphism in 4.7.4 lifts to C̃.

Proposition 4.7.6. The BT group G is versally deformed over the curve C.

Proof. By [37, Theorem 0.9], any Shimura curve of Hodge type admits the maximal Higgs field. So C̃ and

thus C has maximal Higgs field:

0 // ωC

,,

// EC

∇̄
��

EC ⊗ Ω1
C

// αC ⊗ Ω1
C

// 0

the induce map θ : ωC −→ αC ⊗ Ω1
C is an isomorphism.

By 4.6.2, the filtration of EC comes from that of VC . So θ = θG⊗ IdT . Therefore the Higgs field of VC/C

is maximal and combining with 7.1.9, it implies ωG ∼= tG∗ ⊗Ω1
C . By [21, A.2.3.6], the BT group G is versally

deformed over C.

From 1.0.6, such a curve C admits a lifting to W (k) over which Ḡ admits a lifting as a BT group.

Proposition 4.7.7. The lifting of C coincides with C̃.
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Proof. From [33, V, Theorem 1.6], it is known that the lifting of the BT group G is equivalent to lifting the

filtration ωG ↪→ VC . By 7.1.9, it is equivalent to lifting L ⊗L ′ ↪→ VC and hence the curve C̃/W (k) admits

a lifting of G. From 1.0.6, we know the lifting of G is unique.

Let G̃ be the lifting of G on C̃ and H̃ be the lifting of H on C̃. Since H is etale, H̃ is etale and unique

up to isomorphism. Since H̃ is étale, G̃⊗ H̃ is a BT group.

Proposition 4.7.8.

X̃[p∞] ∼= G̃⊗ H̃.

Proof. In 4.7.4, we have shown that X[p∞] ∼= G ⊗ H as BT groups over C. Both sides are liftable to C̃(

4.7.7), induced by the same filtration ωG̃⊗T ↪→ E(7.1.9). Again by [33, V Theorem 1.6], X̃[p∞] ∼= G̃⊗H̃.

Now the proof of 4.1.2 is complete.
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Chapter 5

Tensor decomposition of crystals

We prove 1.0.5 in this chapter. The proof is technical yet the strategy is fairly simple. Firstly 1.0.6 implies

that the family X −→ C lifts to a formal family of abelian varieties over W . Then we prove any polarization

lifts as well, which justifies that the formal family is algebraizable. As before, C is a proper smooth curve

with g(C) > 1 and X −→ C is a family of abelian varieties satisfying the assumption of 1.0.5, that is, X /C

has maximal Higgs field and E := D(X ) ∼= V1 ⊗ · · · ⊗ Vn as F−crystals where E is an irreducible isocrystal

and each Vi is a rank 2 crystal.
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5.1 Lifting of X/C

Recall that we define the binary operation between two BT groups as

G⊗H := colimn(G[pn]⊗Zp H[pn]).

If H is étale, then one can show easily that G⊗H is indeed a BT group by descent theory.

Lemma 5.1.1. The BT group X[p∞] is isomorphic to G⊗H where H is an étale BT group.

Proof. Let Φ be the Frobenius of E . Since each Vi is an irreducible isocrystal, it corresponds to a SL(2)-

representation in the Tannakian formalism. Then by 4.3.3, there exists a permutation s and φi : Vσi −→ Vs(i)

between isocrystals such that Φ ∼= ⊗φi. We can adjust each φi by some power of p so that it is a morphism

between crystals and φi 6= 0 (mod p). And we still have Φ ∼= ⊗φi since Φ is a morphism between crystals.

Decompose s = (s1) · · · (sk) by cycles and then Φ can be decomposed as Φ = ⊗Fk where Fk : ⊗j∈skVσj −→

⊗j∈siVj is the Frobenius of ⊗j∈skVj . Similarly we have Verschiebungs Vk : ⊗j∈skVj −→ ⊗j∈skVσj . So

⊗(Fk ◦ Vk) = p. Then one of Fk ◦ Vk is p.Id and the others are identity maps. Without loss of generality,

assume F1 ◦ V1 = p. Then ⊗j∈s1Vj is a Dieudonne crystal and hence it corresponds to a BT group G

by [9, Main Theorem 1]. The other part corresponds to an étale BT group H.

It suffices to show D(G⊗H) ∼= E . Let T be the unit crystal D(H) and V be the Dieudonne crystal D(G).

Since H is etale, for any n, there exists a finite etale morphism fn : Tn −→ C such that f∗n(H[pn]) is trivial.

Over Tn,

DTn(f∗n(Ḡ[n]⊗Z H̄[n])) ∼= f∗n(V/pn)⊕ht(H) ∼= f∗nV/pn ⊗OC f∗nT /pn (*)

as Dieudonne crystals. Both sides are effective descent datum with respect to Tn −→ C. For any g ∈

Aut(Tn/C), g∗ acts on both of f∗n(Ḡ[n] ⊗Z H̄[n]) and f∗nV/pn ⊗OC f∗nT /pn which is compatible with the

functor DTn , i.e. the diagram

f∗(Ḡ[n]⊗Z H̄[n])
g∗
//

DC′
��

f∗(Ḡ[n]⊗Z H̄[n])

DC′
��

f∗(V ⊗ T /pn)
g∗

// f∗(V ⊗ T /pn)

is commutative. Thus the isomorphism (*) between effective descent datum also descends to C. Then we

have for any n, D(Ḡ[n]⊗Z H̄[n]) = (V ⊗ T /pn, FV ⊗ FT , VV ⊗ F−1
T ). So D(G⊗H) = V ⊗ T .
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We can assume D(G) = V1 ⊗ · · · ⊗ Vr and the corresponding Frobenius F = ⊗iφi where

φi : Vσi −→ Vi+1, i < r and φr : Vσr −→ V1.

Proposition 5.1.2. The family X −→ C can be lifted to a formal abelian scheme {Xn −→ Cn} over W .

Note if r = 1, then G is versally deformed over C and hence 5.1.2 directly follows from 1.0.4.

Proof. Since kerF has only rank 2r−1, all φi(1 ≤ i ≤ r) are isomorphisms except one with a rank 1 kernel.

By rearranging the indices, we can assume φr is the one with the nontrivial kernel. Then Vi ∼= Vσ
i−1

1 for

1 < i ≤ r.

Let L1
σ be the kernel of φr C : Vσr C −→ V1C . Recall that ωG ↪→ VC is the Hodge filtration associated to

G. Since ωσG is the kernel of F , ωG ∼= ⊗r−1
i=1Vi ⊗L1 and the Hodge filtration of V inherits from the inclusion

L1 ↪→ Vr C . Then it suffices to deform the filtration L1 ↪→ Vr C .

Let L2 be the quotient Vr C/L1. Since X /C has maximal Higgs field, θ : ωG −→ αG ⊗ Ω1
C is an

isomorphism. Note V = V1 ⊗ · · · ⊗ Vr as crystals. Let ∇i be the connection of Vi C . The connection ∇C on

VC has the form of ∇1⊗ Id⊗ Id · · ·⊗ Id+Id⊗∇2⊗ Id⊗· · ·⊗ Id+ · · · · · ·+Id⊗· · ·⊗ Id⊗∇r. Correspondingly,

the Higgs field is a tensor product of an isomorphism L1 −→ L2 ⊗ Ω1
C and identity on V2C ⊗ · · · ⊗ Vr C . In

particular, TC ∼= L1
−1⊗L2. Over each open subset U of C, the deformation of the filtration is unobstructed

with deformation space

Ext0(L1|U ,L2|U ) ∼= TC(U).

So for any deformation C2 of C to W2(k), the obstruction class of the deformation of the filtration to C2

is in H1(C, TC). Then replacing the BT groups by the filtration, 3.2.11 shows that the maximal Higgs field

induces a bijection DefW2(k)(C) −→ H1(C,L1
−1 ⊗ L2) and there exists a unique lifting C2 of C over which

the deformation of the filtration is unobstructed. Repeating this process for higher order deformation, as

in Section 3.3, we have a lifting of the Hodge filtration. By Grothendiek-Messing theory [33, Chapter V,

Theorem 1.6, Theorem 2.3], we have a formal family {Xn −→ Cn} over W .

5.2 Lifting of polarization

Choose any polarization λ : X −→ X t over C and fix it throughout the rest of the chapter. Once we can

lift the polarization λ, the formal scheme in 5.1.2 can be algebraized.

Note we can always assume λ1 : X [p] −→X t[p] induced by λ is not zero. Otherwise, X [p] ⊂ kerλ and
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since X [p] always lifts, we can replace λ by 1
pλ. Since X [p∞] ∼= G⊗H,

X t[p∞] ∼= Gt ⊗Ht

where Ht corresponds to the dual Galois representation of H.

We aim to prove λ can be decomposed into a tensor product of an isomorphism between G and Gt and

a morphism between H and Ht, after base changing to a finite étale covering of C.

Let η be the generic point of C and h be the height of H. Let D(G) = V and D(H) = T . Then

V ∼= V1⊗ · · ·⊗Vr as crystals. As in the proof of 5.1.2, we can assume the Hodge filtration of V inherits from

the filtration

0 −→ L1 −→ Vr C −→ L2 −→ 0. (5.1)

Lemma 5.2.1. Any nonzero morphism γr : V∨r −→ Vr between crystals which preserves the filtration 5.1 is

an isomorphism.

Proof. It suffices to prove the restriction γr C is isomorphic. Since γr C preserves the Hodge filtration and

the Higgs field,

0 // L2
∨

��

// V∨r C
γr C

��

// L1
∨ //

��

0

0 // L1
// Vr C // L2

// 0

the restrictions of γr C to L2
∨ and L1

∨ are both nonzero or both zero. If they are zero, then γr C factors

through L1
∨ −→ L1. But since the Higgs field is maximal, L1 is not a horizontal sub line bundle of Vr C

which is a contradiction to the fact that γr preserves the connection. Thus γr is an isomorphism.

Lemma 5.2.2. The endomorphism ring of Vr C in the category of filtered crystals is isomorphic to k.

Proof. For any such nonzero endomorphism ρ, it induces a diagram

0 // L1

��

// Vr C
ρ

��

// L2
//

��

0

0 // L1
// Vr C // L2

// 0.

Since ρ preserves the Higgs field, the morphism ρ induces the same scalar multiplication on L1 and L2. Then

the subtraction of the scalar multiplication from ρ induces a morphism Vr C −→ L1 which preserves the

connection. So the subtraction has to be zero.
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Lemma 5.2.3. Let ψ be a nonzero endomorphism of ⊗ri=1Vi C in the category of crystals. If ψ preserves

the Hodge filtration, then there exists an endomorphism T in End(V1C ⊗ V3C · · · ⊗ Vr−1C) such that ψ =

IdVr C ⊗ T .

Proof. Note the morphism ψ preserves the Hodge filtration L1 ↪→ Vr C and the Higgs field.

0 // L1 ⊗ V1C · · · ⊗ Vr−1C
//

��

⊗ri=1Vi C //

ψ

��

L2 ⊗ V1C · · · ⊗ Vr−1C
//

��

0

0 // L1 ⊗ V1C · · · ⊗ Vr−1C
// ⊗ri=1Vi C // L2 ⊗ V1C · · · ⊗ Vr−1C

// 0.

Let T be the first vertical arrow. Then T ∈ End(V1C ⊗ V3C · · · ⊗ Vr−1C). Then ψ − Id ⊗ T induces a

horizontal morphism ⊗ri=1Vi C −→ L1 ⊗V2C · · · ⊗ Vr−1C . Due to the maximal Higgs field, it has to be zero

and ψ = IdVr C ⊗ T .

Corollary 5.2.4. The endomorphism ring of ⊗ri=1Vi C in the category of filtered F -crystals is isomorphic

to k.

Proof. Let ψ be a nonzero endomorphism of ⊗ri=1Vi C . Then ψ = Id⊗ T .

Since ψ is compatible with the Frobenius F and the conjugate filtration, we have

0 // L2
p ⊗ri=2 Vi C //

Id⊗Tσ

��

⊗ri=1Vi C

ψ

��

// L1
p ⊗⊗ri=2Vi C //

Id⊗Tσ

��

0

0 // L2
p ⊗ri=2 Vi C // ⊗ri=1Vi C // L1

p ⊗⊗ri=2Vi C // 0.

Note L2
p ⊗r−1

i=2 Vi C ⊗ L1 −→ L2
p ⊗ri=2 Vi C is a sub-filtration of the Hodge filtration of ⊗ri=1Vi C . Thus

Tσ : ⊗ri=2Vi C −→ ⊗ri=2Vi C is a morphism between crystals which preserves the Hodge filtration. Apply

5.2.3 to Tσ and we have Tσ = IdVr C ⊗ T ′. Then T ′ fits in the following diagram where the top horizontal

row is induced by F ◦ F :

L2
p ⊗ L2

p2

⊗ri=3 Vi C
F 2

//

Id⊗T ′σ
��

⊗ri=1Vi C

ψ

��

L2
p ⊗ L2

p2

⊗ri=3 Vi C // ⊗ri=1Vi C .

So T ′σ again preserves the Hodge filtration and the connection. We can reapply 5.2.3 to T ′σ. Repeat this

process and we can conclude that Tσ
r−1

is just t.Id for some t ∈ k∗. Thus T itself is a scalar multiplication

and so is ψ.

Lemma 5.2.5. There exists a pair {C̃, γ} such that
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1. C̃ −→ C is a finite étale covering ;

2. Let ⊗ri=1Ṽi denote the pull back Dieudonne crystal of ⊗ri=1Vi from C to C̃. Then γ : ⊗ri=1Ṽ∨i −→

⊗ri=1Ṽi is a nonzero morphism.

Proof. First we consider ∧2rV. It is an F -crystal over C and hence corresponds to a triple (L ,∇, F ),

an invertible sheaf over C ′ with integrable connection and Frobenius. Obviously as an F -isocrystal, L is

isoclinical of slope p. Replace F by p−1F and then L is a unit root. Therefore, it is equivalent to a one

dimensional representation

π1(C, c̄) −→ Z∗p.

Note πab
1 (C, c̄) is an extension of Ẑ with a finite group. So the image of the monodromy is just a finite

subgroup of Z∗p. And then there exists a finite étale covering C̃ −→ C such that the pullback of the

monodromy to C̃ is trivial.

Let Ṽ denote the pull back of V to C̃. Then ∧2r Ṽ is trivial as an F−crystal. Consider the following

morphism

⊗Ṽi ← ⊗(Ṽi ⊗ Ṽi ⊗ Ṽ∨i )← ⊗(∧2Ṽi ⊗ Ṽ∨i ) ∼= ⊗(∧2Ṽi)⊗ Ṽi ∼= ⊗Ṽ∨.

Obviously it is nonzero and we denote it as γ.

Taking a finite étale covering if necessary, we can assume ∧2Vr C̃ is trivial.

Lemma 5.2.6. There exists α : V∨
r C̃
−→ Vr C̃ in the category of crystals which preserves 5.1.

Proof. Since ∧2Vr C̃ is a trivial crystal, we have a nonzero morphism α : V∨
r C̃
−→ Vr C̃ in the category of

crystals. It suffices to show α preserves 5.1. If not, then α induces a nonzero morphism from L̃1 −→ L̃2.

Since deg L̃1 > deg L̃2, we know such a morphism does not exist.

Let γ1 be the restriction of γ to Ṽ∨
C̃

.

Lemma 5.2.7. There exists α1 ∈ Hom(Ṽ∨
1 C̃
, Ṽ1 C̃) such that γ1 = α1 ⊗ ασ1 · · · ⊗ ασ

r−1

1 as morphisms in the

category of F -crystals over cris(C̃/k).

Proof. Since γ1 preserves the Frobenius, it preserves the Hodge filtration L̃1 ↪→ Ṽr C̃ .

0 // (L̃2)∨ ⊗ Ṽ∨
1,C̃
· · · ⊗ Ṽ∨

r−1 C̃

��

// Ṽ∨
1 C̃
⊗ Ṽ∨

2,C̃
· · · ⊗ Ṽ∨

r C̃

��

// (L̃1)∨ ⊗ Ṽ∨
1,C̃
· · · ⊗ Ṽ∨

r−1 C̃

��

// 0

0 // L̃1 ⊗ Ṽ1,C̃ · · · ⊗ Ṽr−1 C̃
// Ṽ1 C̃ ⊗ Ṽ2,C̃ · · · ⊗ Ṽr C̃ // (L̃2)⊗ Ṽ2,C̃ · · · ⊗ Ṽr C̃ // 0
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Since ∧2Vr C̃ is trivial, (L1)∨ ∼= L2. Since γ1 preserves the Higgs fields, the first and the third vertical arrows

are identical, viewed as a morphisms between Ṽ∨
1,C̃
· · · ⊗ Ṽ∨

r−1 C̃
and Ṽ1,C̃ · · · ⊗ Ṽr−1 C̃ . Denote it as α′. Then

γ1 − α⊗ α′ induces a horizontal morphism Ṽ∨
1 C̃
⊗ Ṽ∨

2,C̃
· · · ⊗ Ṽ∨

r C̃
−→ L̃1 ⊗ Ṽ1,C̃ · · · ⊗ Ṽr−1 C̃ . So it has to be

zero and γ1 = α⊗ α′.

Since the Frobenius acts as simply permuting the indices and γ1 is compatible with any power of Frobe-

nius, as in the proof of 5.2.4, there exists α1 ∈ Hom(Ṽ∨
1 C̃

) such that γ1 = α1 ⊗ ασ1 · · · ⊗ ασ
r−1

1 and by 5.2.1,

ασ
r−1

1 = α is an isomorphism.

Corollary 5.2.8. The morphism γ is an isomorphism.

Let T ∨ be the unit root crystal D(H∨) corresponding to the dual H∨ and H̃ (resp. T̃ ) be the pull back

of H (resp. T ) to C̃.

Then the polarization λ1 : X [p] −→X t[p] induces λ̃∗1 : Ṽ∨
C̃
⊗ T̃ ∨

C̃
−→ ṼC̃ ⊗ T̃C̃ .

Lemma 5.2.9. The morphism λ̃∗1 has a tensor decomposition

λ̃∗1 = γ1 ⊗ β1

where β1 is a morphism between T̃ ∨
C̃

and T̃C̃ .

Proof. Note λ̃∗1 is compatible with the Frobenius and the Higgs field. Further, the Hodge filtration of E is

inherited from that of ṼC̃ and the Frobenius FE
∼= FV ⊗FT with FT an isomorphism. So we can repeat the

arguments in 5.2.7 to λ̃∗1 : Ṽ∨
C̃
⊗ T̃ ∨

C̃
−→ ṼC̃ ⊗ T̃C̃ and there exists γ′ ∈ Hom(Ṽ∨

C̃
, ṼC̃) and β′ ∈ Hom(T̃ ∨

C̃
, T̃C̃)

such that λ̃∗1 = γ′ ⊗ β′ and γ′ is an isomorphism. By 5.2.4, we can adjust by a scalar such that γ′ = γ1.

In the proof of 5.2.9, the only special property of the polarization λ̃ we use is that it preserves the Hodge

filtration, Frobenius and the Higgs field. So we obtain the following corollary.

Corollary 5.2.10. In 5.2.9, we can replace λ̃∗1 by any nonzero morphism between ṼC̃ ⊗ T̃ and Ṽ∨
C̃
⊗ T̃ ∨ in

the category of F−crystals over cris(C̃/k) and the result still holds.

Since H̃ is an étale BT group, for each n there exists a finite étale covering Tn of C̃ such that the pull

back of H̃[pn] to Tn is trivial. Then Tn −→ Tn−1 −→ · · · −→ T1 −→ C̃ is a tower of finite étale coverings of

C̃.

Proposition 5.2.11. As a morphism between Dieudonne crystals, λ̃∗ = γ ⊗ β where γ is as in 5.2.5 and β

is a morphism between T and T ∨.
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Proof. We will prove the tensor decomposition by induction on the group order. Let λ∗n be the polarization

λ∗n : D(Gt[pn])⊗ D(H∨[pn]) −→ D(G[pn])⊗ D(H[pn])

It is true for n = 1. If it is true for n− 1, then for n,

D(G̃[p])⊗ D(H̃[p]) D(G̃t[p])⊗ D(H̃[p])t
γ1⊗β1

oo

D(G̃[pn])⊗ D(H̃[pn])

pn−1

OO

D(G̃t[pn])⊗ D(H̃[pn])t
λ̃n

oo

pn−1

OO

D(G̃[pn−1])⊗ D(H̃[pn−1])

OO

D(G̃t[pn−1])⊗ D(H̃[pn−1])t.

OO

γn−1⊗βn−1

oo

After base change to Tn, since H[pn] is trivial on Tn, we find

βTn : D(HTn [pn])t −→ D(HTn [pn])

so that the restriction of βTn to D(HTn−1
[pn−1])t yields the base change of βn−1 to Tn−1.

Therefore (λ∗n)Tn − γTn ⊗Z/pnZ βTn factors through

α : D(GTn [p])∨ ⊗ D(HTn [p])t −→ D(GTn [pn−1])⊗ D(HTn [pn−1]).

Definitely imα ⊂ D(GTn [p])⊗D(HTn [p]). If α is nonzero, by 5.2.10, α = γ1⊗β′ where β′ : D(HTn [p])t −→

D(HTn [pn−1]).

Note γ1 = γTn |pn−1D(GTn [pn])∨ , we have that α can be written as the following composition

D(GtTn [pn])⊗Z/pn D(HTn [pn])t
Id⊗pn−1

−−−−−→ D(GtTn [pn])⊗Z/pn D(HTn [p])t

γTn⊗β
′

−−−−−→ D(GTn [pn−1])⊗Z/pn D(HTn [pn−1]).

Thus (λ∗n)Tn − γTn ⊗Z/pn βTn = γTn ⊗Z/pn p
n−1β′. So (λ∗n)Tn = γTn ⊗ (β̄Tn + pn−1β′).

Since both λ∗n and γTn can be descended to C̃, β̄Tn + pn−1β′ can be descended to C̃ as well. Therefore,

as a morphism between Dieudonne crystal over C̃, λ̃∗ = γ ⊗ β.

By the equivalence between Dieudonne crystals and BT groups over C̃( [9, Main Theorem 1]), we know

λ̃ can be decomposed into a tensor product of an isomorphism between G̃ and G̃t and a morphism between
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H and Ht. Applying 1.0.4 to (C̃, G̃), there exists a strongly unique pair (C̃ ′, G̃′) over W which is a lifting

of (C̃, G̃). In particular, the isomorphism between G̃ and G̃t lifts to an isomorphism G̃′ and G̃′t. Since H is

étale over C, any morphism between H̃ and H̃t naturally lifts. Therefore the polarization λ̃ lifts.

For each n, let λ̃n denote the lifting of λ to X̃n/C̃n. Since Aut(C̃n/Cn) = Aut(C̃/C), λ̃n is a descent

datum as λ̃ and hence descends to a polarization λn on Xn/Cn.

To infer that {λn} is a compatible system, we need to show such a lifting λn is unique. We shall appeal

to a general fact: if X −→ C is any abelian scheme over C and l is a prime different from p, then the

collection of closed subschemes X [lm] for all m ≥ 1 is universally schematically dominant in X with respect

to C in the sense of [18, 11.10.8]. Therefore λn is uniquely determined by its restriction on Xn[lm], which is

further uniquely determined by λ, due to the equivalence between the étale sites over X and Xn. So such

a lifting λn is unique. So we have a compatible family of polarization {λn} and hence the formal family

{Xn −→ Cn} can be algebraized to a family of abelian varieties X ′ −→ C ′ over W .

Remark 5.2.12. If we know a priori that X /C is a family of principally polarized abelian varieties, i.e. λ

is isomorphic, then λ naturally lifts to any Xn since the lifting Xn of X is strongly unique.

5.2.13 Lift to Shimura curves

In the following proposition, we show X ′ −→ C ′ is a Shimura curve of Mumford type.

Proposition 5.2.14. The generic fibre (X ′/C ′)⊗ C is a Shimura curve of Mumford type.

Proof. Obviously the family X ′ −→ C ′ has maximal Higgs field. By Theorem 0.5 in [47], we directly

conclude that (X ′/C ′) ⊗ C is a Shimura curve of Mumford type. Note in that theorem, a family that

reaches the Arakelov bound is equivalent to a family with the maximal Higgs field. So we can apply that

theorem in our situation.
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Chapter 6

Tensor decomposition of isocrystals

We devote this chapter to prove 1.0.2. As before, k is an algebraically closed field of characteristic p > 2

and C is a proper smooth curve over k. The family of principally polarized abelian varieties Π : X −→ C

satisfies the assumptions of 1.0.2, that is, the family is generically ordinary and E := D(X /C) irreducible

with isomorphism E ∼= V1 ⊗ · · · ⊗ Vm+1 as isocrystals. After analysing the decomposition of the Frobenius

F of E , we firstly prove the second part, i.e. assuming maximal Higgs field, in Section 6.2. Then the first

part is proved in Section 6.3.
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6.1 The structure of E as crystals

In this section, we choose an F -crystal model of V1 ⊗ V2 ⊗ V3 · · · ⊗ Vm+1.

Note E is an F -isocrystal. So

F : Vσ1 ⊗ Vσ2 ⊗ Vσ3 · · · ⊗ Vσm+1 −→ V1 ⊗ V2 ⊗ V3 · · · ⊗ Vm+1

is a morphism in the category of isocrystals.

By condition (2) in 1.0.2, each Vi is irreducible as an isocrystal. Let B(k) be the fractional field of the

Witt ring and Hi be the Tannakian group associated to Vi in Rep(Guniv).

Lemma 6.1.1. Hi has the form SL(2)× µm for some integer m.

Proof. Since Vi are all irreducible isocrystals, each of the group Hi admits a faithful irreducible representation

of dimension 2. Thereby Hi is a reductive group over B(k). Let C̃ be a lifting of C to the Witt ring W (k).

If we view Vi as a vector bundle with a connection over C̃, then we know Vi is also irreducible over C̃C and

thus the representation of Hi is geometrically irreducible. Thus base change to B̄(k), Hi ⊗ B̄(k) must be

a central extension of SL(2, B̄(k)). Since Hi ↪→ GL(2, B(k)) and the field extension is faithfully flat, Hi is

SL(2, B(k))× µm or GL(2, B(k)).

Since X −→ C is polarized, we have E ∼= E ∨ as isocrystals, up to some twist. Thereby as representations,

∧8E ∼= ∧8E∨ and hence ∧2V1 ⊗ · · · ∧2 Vm+1 is 2-torsion. Therefore detHi can not be Gm, i.e. Hi can not

be GL(2).

As an irreducible representation of SL(2) × µm, Vi ∼= V ′i ⊗ Li where V ′i the standard representation of

SL(2) and Li an irreducible representation of µm. Thus we can adjust each Vi such that Hi = SL(2) for

1 ≤ i ≤ m and only Hm+1 = SL(2)× µm .

Since E is irreducible, ⊗Vi corresponds to an irreducible SL(2)×m+1 × µm-representation. Then we can

modify the proof of 4.3.3 in this case and obtain a similar result: there exist

φi : Vσi −→ Vs(i) ⊗ Li

such that F = ⊗φi. We can find an f such that sf = Id. Then F f can be decomposed to the tensor product

of

φ′i : Vσ
f

i −→ Vi ⊗Li

for some Li.
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By 4.5.1, we can find L′i such that L −1
i = ((σf )∗ − Id)(L′i), then φ′i induces a morphism

Vσ
f

i ⊗ L′σ
f

i −→ Vi ⊗ L′i.

Replace Vi by Vi ⊗ L′i and let us still denote it as Vi. Therefore

φ′i : Vσ
f

i −→ Vi.

So each Vi is an F f -isocrystal.

By condition (1) of 1.0.2, as an F f -isocrystal, E has generic slopes {0× 2m, f × 2m}.

Lemma 6.1.2. Generically, the slopes of Vi are all {0, 0} except one {0, f}.

Proof. Use Vi,η to denote the restriction of Vi to the crystalline site cris(W (η−)/η−) where η− is the geometric

generic point. Then slopes of V1,η ⊗ V2,η ⊗ V3,η · · · ⊗ Vm+1,η are {0 × 2m, f × 2m}. Now we can compute

directly the slopes of each Vi. For notational simplicity, here we just show the case m = 2.

Assume {a1, a2}, {b1, b2}, {c1, c2} are slopes of V1,V2,V3, respectively. Further, we could assume the

slopes of each Vi are non-negative. Then the slopes of E are

ai + bj + ck, 1 ≤ i, j, k ≤ 2.

If a1 ≤ a2 and b1 ≤ b2, then we can adjust that a1 = b1 = 0. Then {c1, c2} = {0, f} or {0, 0}. The former

case forces all ai, bj to be zero, while the latter case implies {a2, b2} = {0, f}.

Proposition 6.1.3. s(j) = j for some j ∈ {1, 2, 3 · · · ,m+ 1}.

Proof. From 6.1.2, we can assume the slopes of V1, restricting to cris(W (η−)/η−), are {0, f}. If s(1) 6= 1, say

s(2) = 1, then over W (η−), im φ2 = V1,η has only one-dimension subspace of slope 0. Iterate the Frobenius

f times and note (⊗φi)f = F f = F1 ⊗ F2 ⊗ F3 · · · ⊗ Fm+1. Thus V2,η = im F2 has at most one dimensional

subspace of slope 0, contradicting to V2 with slopes {0, 0}. So s(1) = 1.

Without loss of generality, assume s(1) = 1. Then φ1 : Vσ1 −→ V1 ⊗ L1.

By 4.5.1, we can find L′ such that L−1
1 = (σ∗ − Id)(L′), then φ1 induces a morphism

Vσ1 ⊗ L′σ −→ V1 ⊗ L′.
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Replace V1 by V1 ⊗ L′ and let us still denote it as V1. Therefore

φ1 : Vσ1 −→ V1.

Then V1 and V2 ⊗ V3 · · · ⊗ Vm+1 are actually F -isocrystals. And E ∼= V1 ⊗ (V2 ⊗ V3 · · · ⊗ Vm+1) as

F -isocrystals. Since E is further a Dieudonne crystal, the Verschiebung V also can be decomposed to V1⊗V2

where both of V1 : V1 −→ Vσ1 , V2 : V2 ⊗ V3 · · · ⊗ Vm+1 −→ Vσ2 ⊗ Vσ3 · · · ⊗ Vσm+1 are isomorphisms.

Since all the slopes of Vi are nonnegative, we can choose an F f -crystal model for each Vi (see Appendix

A.2). Since as an F -isocrystal V1 has slopes {0, 1}, there exists V1 : V1 −→ Vσ1 such that F1◦V1 = V1◦F1 = p.

Thereby we can choose the descent of Frobenius and Verschiebung so that V1 is a Dieudonne crystal. For

simplicity, we still denote the corresponding crystal as Vi. Though the isomorphism in 1.0.2 (2) may not be

true in the level of crystals, we still can choose

ψ : V1 ⊗ V2 ⊗ V3 · · · ⊗ Vm+1 −→ E

injectively between F -crystals and ψ[ 1
p ] is the isomorphism. Multiplying some power of p if necessary, we

can assume ψ mod p is not zero and E /im ψ is p-torsion. By 6.1.2, we have V1 is generically ordinary and

V2⊗V3 · · ·⊗Vm+1 is a unit root F -crystal. For simplicity, we use T to denote the F -crystal V2⊗V3 · · ·⊗Vm+1

in the rest of the chapter.

Remark 6.1.4. We observe that if we change the condition (2) in 1.0.2 to the following

E ∼= V1 ⊗ · · · ⊗ Vm+1 as F f -isocrystals for some integers f where Vi are all irreducible of rank 2,

and if X −→ C is defined over a finite field, then we can consider the (neutral) Tannakian category of

F f -isocrystals instead of isocrystals. Mimic the above arguments and we can have the same result that E is

isogenous to a tensor decomposition of V ⊗T .

6.2 Proof of 1.0.2: with maximal Higgs field

In this section, we prove the second part of 1.0.2, the case that X −→ C has maximal Higgs field.

By [9, Main Theorem 1], V1 corresponds to a BT group over C. In particular, it admits a Hodge filtration:

0 −→ L1 −→ V1|C −→ L2 −→ 0 with the Higgs field θ1 : L1 −→ L2 ⊗ Ω1
C . Since T is a unit root crystal,

the Hodge filtration of T is trivial. Therefore the Hodge filtration of the Dieudonne crystal V1 ⊗T is

0 −→ L1 ⊗TC −→ (V1 ⊗T )C −→ L2 ⊗TC −→ 0.
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The associated Higgs field θ′ is θ1 ⊗ idT where θ1 is the Higgs field of V1.

6.2.1 Hodge and conjugate filtrations

For any Dieudonne crystal F over cris(C/W (k)), FC admits two filtrations: Hodge filtration and conjugation

filtration. The relation between the two filtrations is shown in [9, Proposition 2.5.2]: conjugation filtration is

given by the kernel of FC : ω(p) ⊂ F (p)
C , which the Frobenius pullback of the Hodge filtration ω ⊂ FC . Since

the isogeny ψ : V1 ⊗ · · · ⊗ Vm+1 −→ E is compatible with the Frobenius, ψC induces actually a morphism

between the Hodge filtrations and conjugate filtration. Since ψ preserves the connections, it induces a

morphism between the Higgs fields.

Lemma 6.2.2. The Hodge and conjugate filtrations of E induce a morphism α(p) −→ α which is generically

surjective over C.

Proof. Combine the two filtrations in one diagram:

α(p)

��

h

  
ω // EC

��

// α

ω(p)

For any x ∈ C, let the stalk α
(p)
x generate by {a1 ⊗ 1, · · · , a2m ⊗ 1} where ai ∈ αx. Since ∇(ai ⊗ 1) = 0

and the Higgs field is maximal, l(ai ⊗ 1) are linearly independent in αx. Otherwise, some section a ⊗ 1 is

a local section of ω and due to maximal Higgs field, any local section of ω is not horizontal, contradiction.

Therefore ai ⊗ 1 generate the stalk αx generically. Therefore l is generically surjective.

6.2.3 The Higgs field is nonzero

Lemma 6.2.4. If the Higgs field θ1 of V1 is zero, then deg L2 6= 0.

Since degV1C = deg L1 + deg L2 = deg L p
1 + deg L p

2 , degV1C = 0. So we have deg L1 6= 0 as well.
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Proof. We prove it by contradiction. Consider the Hodge and conjugate filtration of (V1)C :

L p
2

F

��

l

""

L1
// (V1)C //

V

��

L2

L p
1 .

Choose any open affine subset U ⊂ C over which L1 is free. Let t be a generator of L1 over U . Then

if l(t) = 0, then F (t) ∈ L1(U). Since ψ1 = 0, then for any section s ∈ T (U), ψ(t ⊗ s) = 0. However,

ψ(t⊗ s) = ψ
(p)
2 (t⊗ s) and hence ψ2 is zero over U . Since imψ2 is torsion-free, ψ2 = 0 globally, contradiction.

Thereby l is injective and it induces an injectionOC ↪→ L 1−p
2 . In particular, L 1−p

2 is effective. If deg L2 = 0,

then L 1−p
2
∼= OC and hence l is an isomorphism.

Note T is a unit root crystal. The isomorphism l induces isomorphism L p
2 ⊗T (p) −→ L2⊗T . It implies

X is everywhere ordinary over C. However, C is proper and so it can not be contained in the ordinary locus

of A2m,1,k.

Proposition 6.2.5. If θ1 = 0, then there exists a rank 2 Dieudonne crystal V such that V1 = Vσ and the

V1 ⊗T −→ E factors through the Frobenius map FV : V1 ⊗T −→ V ⊗T of V ⊗T .

Proof. The Higgs field of V1 is trivial and then ψ1 = 0. By 3.4.1, V1 is the Frobenius pullback of some

Dieudonne crystal V. Let FV , VV denote the Froebnius and Verschiebung of V. Since ψ1 = 0, the image of

ψ ◦ VV is contained in pE . Thereby ψ◦VV
p : V ⊗ T −→ E is a well defined morphism. Since ψ◦VV

p ◦ FV = ψ,

ψ factors through FV :

V ⊗T

##

V1 ⊗T

FV

99

ψ
// E .

Remark 6.2.6. If the Higgs field of V is still trivial, then we repeat the process of 6.2.5. Note the Hodge

filtration L ⊂ VC of V satisfies L p = L1. Since by 6.2.4 deg L1 6= 0, |deg L | < |deg L1|. After a finite

steps, the degree of the sub line bundle from the Hodge filtration is no longer divisible by p and hence the

Gauss Manin connection no longer preserves the Hodge filtration. The Higgs field is therefore nonzero. Then

we can assume V ⊗T with nontrivial Higgs field θ = θV ⊗ idT .
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6.2.7 The Higgs field is maximal

In the following, we will show the Higgs field θ of V ⊗T is an isomorphism.

Let 0 −→ L −→ VC −→ L ′ −→ 0 be the Hodge filtration of VC . By [9, Main Theorem 1], the Dieudonne

crystal V ⊗ T corresponds to a BT group G ⊗ U over C where G is a height 2, generically ordinary BT

group with nontrivial Kodaira Spencer map and U is a height 2m etale BT group. The BT groups associated

to V ⊗ T and E are isogenous and therefore G⊗ U also comes from an abelian scheme Y over C which is

isogenous to X . Let

g : Y −→X

be the isogeny.

Note Y [p∞] ∼= G⊗ U . Let

K = ker g.

Then K is a finite flat group scheme. Let G[pn]⊗ U [pn] be the smallest truncated BT group containing K.

Then we can choose a finite etale covering of C such that the pullback of U [pn] is trivial. Then the

pullback of Y [pn] is G[pn]×2m and Y has maximal Higgs field if and only if the pull back of Y does. For

simplicity, we still denote the etale covering as C.

Lemma 6.2.8. For any n, any nontrivial subgroup scheme of Gn,η contains µp.

Proof. Let H be a nontrivial subgroup scheme of Gn,η. We can reduce n so that H is not contained in Gn−1.

H� _

�� ##

Gn−1,η
// Gn,η

pn−1

// G1,η.

Then H has a nontrivial image in G1,η which is flat (over the field). Since G1,η has maximal Higgs field,

any subgroup scheme of G1,η contains µp. So this image contains µp. Note pn−1 is an endomorphism of H.

Thus µp ⊂ H.

Now we prove that K ∩ (1×2m−1 ×Gn) = 1. The key observation is that since dim Lie K ≤ 2m − 1( see

the proof of Theorem 6.2.11), by changing of coordinates, we can make Kη be contained in the product of

first three factors G×2m−1
n,η of G×2m

n,η .

Since G is generically ordinary, the filtration

0 −→ Gn,η,mult −→ Gn,η −→ Gn,η,et −→ 0.



68

Since the group schemes are defined over a field, we may assume the multiplicative part is isomorphic to

µpn , the etale part isomorphic to Z/pnZ. Since over a field, all the group scheme involved are automatically

flat. We start with the following proposition

Proposition 6.2.9. Over k, for any n, if H is a subgroup of µ×2m

pn with dim Lie H ≤ 2m − 1, then via

changing of coordinates, H is contained in the product of first 2m − 1 factors µ×2m−1
pn .

Proof. We consider the case dim Lie H = 2m − 1 and we prove it by induction.

If n = 1, then H ⊂ µ×2m

p such that H has height 2m − 1. Since µp is simple, H ∼= µ×2m−1
p and one of

projections of H to the product of any 2m − 1 factors H −→ µ×2m−1
p is injective. Assume the projection to

the first 2m − 1 factors is isomorphic. Then by change of coordinates, we can put H = µ×2m−1
p ⊂ µ×2m

p .

If the proposition is true for k − 1, then for n = k, after changing of coordinates, we have H ∩ µ×2m

pk−1 ⊂

µ×2m−1
pk−1 . Let pr2m be the projection of H to the 2m-th factor and K2m = ker pr2m

K2m ↪→ H
pr2m−−−→ µpk .

We may assume pr2m is nontrivial. Obviously K2m ⊂ µ×2m−1
pk

. Since pH ⊂ H ∩µ×2m

pk−1 ⊂ µ×2m−1
pk−1 , im pr2m ⊂

µp. And pk−1K2m ⊂ µ×2m−1
p is a flat sub group scheme with height h. Since pr2m is nontrivial, h ≤ 2m − 2.

Note the reduction

Aut(µ×2m−1
pk

) ∼= GL2m−1(Z/pkZ) −→ Aut(µ×2m−1
p ) ∼= GL2m−1(Fp)

is surjective. Thus we can apply some automorphism of µ×2m−1
pk

to implement the coordinate change so that

we can make pk−1K2m be exactly the product of first h factors µ×hp .

Consider the following diagram

H //� _

��

H/H ∩ µ×2m

pk−1
� _

��

µ×2m

pk−1
// µ×2m

pk
pk−1

// µ×2m

p .

Since H ∩ µ×2m

pk−1 = K2m ∩ µ×2m−1
pk−1 , the morphism pr2m factors through H/H ∩ µ×2m

pk−1 and hence µ×2m

p ⊃

H/H ∩ µ×2m

pk−1 −→ µp surjectively, induced by pr2m . The kernel of this surjective map, denoting as pr′2m , is

exactly K2m/K2m ∩µ×2m−1
pk−1

∼= µ×hp . Therefore the graph of pr′2m is a height 1 subgroup scheme in µ
×(2m−h)
p

and pr′2m is actually the last factor projection of this subgroup scheme. There exists an element in Aut(µ×2m

pk
)

whose reduction mod p transforms the height 1 subgroup scheme to be the first factor in µ
×(2m−h)
p , i.e. the



69

image of pr2m is trivial. Note the automorphisms involved here are of the form



1

1

1

pk−1a pk−1b pk−1c 1


which fixes the first 2m − 1 factors µ×2m−1

pk
. Thereby H is contained in µ×2m−1

pk
.

For the easier cases dim Lie H < 2m − 1, we can adjust above argument accordingly.

Now we come back to the original case. Firstly we need the following lemma which relates the 6.2.9 and

our target:

Lemma 6.2.10. The restriction Aut(G[pn]η) −→ Aut(µpn) is surjective.

Proof. It follows from Aut(µpn) = (Z/pnZ)∗ and (Z/pnZ)∗ naturally acts on any pn torsion group scheme,

in particular, Gn,η.

Proposition 6.2.11. By changing coordinates, Kη is contained in the product of the first 2m − 1 factors

G×2m−1
n,η .

Proof. Since the Higgs field θ1 is nonzero by 6.2.6, f : Y −→ X induces a nonzero map on the tangent

bundles. Thereby the dimension of Lie K is at most 2m − 1. By 6.2.9 and 6.2.10, we can assume Kη∩µ×2m

pn ⊂

µ×2m−1
pn . Let pr2m be the projection G×2m

n,η −→ Gn,η to the 2m factor and K2m be the kernel of the restriction

of pr2m : Kη −→ G[pn]η.

Kη� _

��

µ×2m

pn
// G×2m

n,η
// Z/pnZ×2m .

Obviously Kη ∩ µ×2m

pn ⊃ K2m ∩ µ×2m−1
pn . Since Kη ∩ µ×2m

pn ⊂ µ×2m−1
pn , pr2m(Kη ∩ µ×2m

pn ) = 1 and hence

Kη ∩ µ×2m

pn ⊂ K2m ∩ µ×2m−1
pn . So Kη ∩ µ×2m

pn = K2m ∩ µ×2m−1
pn

Thereby on one hand, Kη/K2m is a quotient of an étale group scheme Kη/(Kη ∩ µ×2m

pn ) ⊂ (Z/pnZ)×2m

by the subgroup K2m/(K2m ∩ µ×2m−1
pn ). On the other hand, it is also a subgroup of G[pn]η. By 6.2.8, if it is

nontrivial, µp ⊂ Kη/K2m , contradiction to etale. Thus Kη = K2m and im pr2m is trivial.

Proposition 6.2.12. As subgroup schemes of G×2m , we can change the coordinates so that

K ∩ (1×2m−1 ×Gn) = 1.

Proof. By 6.2.11, since Kη ⊂ G×2m−1
n,η ⊂ G×2m

n,η and K,Gn are flat, taking the closure in G×2m gives

K ⊂ G×2m−1
n . Thereby globally K ∩ (1×2m−1 ×Gn) = 1.



70

Theorem 6.2.13. The Higgs field θ of V ⊗T is maximal.

Proof. Note f : Y −→X induces a diagram

ω //

∼=
��

L1 ⊗T

θ∼=θ1⊗Id

��

α⊗ Ω1
C

f∗
// L2 ⊗T ⊗ Ω1

C .

We have known that θ is not zero. Since θ1 : L1 −→ L2 ⊗ Ω1
C , over each fibre of C, θ is either zero or an

isomorphism. It suffices to show f∗ is nonzero over each fibre.

Consider the composition

Gn ↪→ G⊗H ∼= Y [p∞] −→X [p∞]

over C where the first arrow is the embedding to the fourth factor. By 6.2.12, this composition is injective.

Therefore im f contains a generically ordinary height 2 BTn subgroup of X [p∞] over C. Such Gn provides

nonzero elements in im f∗ over each fibre.

Now Y −→ C satisfies

1. Y /C has the maximal Higgs field,

2. D(Y [p∞]) ∼= V ⊗T where V is a Dieudonne crystal and T is a rank 2m unit root crystal.

The last step is based on Serre-Tate theory. For a given ring R and an ideal I ⊂ R, let R0 = R/I.

Write AS(R) for the category of abelian schemes over R and write BT − Def(R0, R) for the category of

triples (A0, G, α) where A0 is an abelian scheme over R0, G is a BT group over R and α is an isomorphism

α : G0 = G⊗R0
∼= A0[p∞].

Theorem 6.2.14. [33, Chapter 5, 1.6] Let R be a ring in which the prime p is nilpotent, let I ⊂ R be a

nilpotent ideal and write R0 = R/I. Then the functor AS(R) −→ BT − Def(R,R0) obtained by sending A

to the triplet

(A0 = A⊗R0, A[p∞], the natural isomorphism α)

is an equivalence.

Theorem 6.2.15. The family of polarized abelian varieties Y −→ C as above has a unique lifting to W (k)

which is a family of abelian fourfolds with maximal Higgs field.

Proof. By [9, Main Theorem 1], the rank 2 Dieudonne crystal V corresponds to a height 2 BT group G and

the unit root crystal T corresponds to a height 2m etale BT group. By 1.0.6, the height 2 BT group gives a
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lifting C̃ of C to W (k). The lifting of G gives a lifting of Y [p∞]. By 6.2.14, Y −→ C lifts to a formal aeblian

scheme over C̃ over W (k). Again by 1.0.5, the polarization lifts as well and hence the family Y −→ C lifts

to a polarized abelian scheme Ỹ −→ C̃ over W (k).

Since the special fibre has maximal Higgs field, so is Ỹ −→ C̃.

Remark 6.2.16. From the proof of 6.2.15, the weight 1 variation of Hodge structure R1π̃∗(Ω
.
Ỹ /C̃

) ∼=

V1 ⊗ · · · ⊗ Vm+1 has the Hodge filtration coming from L ↪→ V1.

To show the C̃ is a Mumford curve, we use Theorem 0.5 in [47]. The family in our case is smooth

so that there is no unitary part. Maximal Higgs field implies the family reaches the Arakelov bound.

Apply [47, Theorem 0.5] and we have Ỹ −→ C̃ is isogenous to a Mumford curve. In particular, the generic

fibre (Ỹ −→ C̃)⊗C is a Shimura curve (with a universal family). From 6.2.16, there can be more than one

copy of Mumford curve Z appearing in the decomposition of Ỹ . Therefore (Ỹ −→ C̃) ⊗ C is a Mumford

curve.

It finishes the proof of the case with maximal Higgs field.

6.3 Proof of 1.0.2: without maximal Higgs field

In this part, we will prove without maximal Higgs field, X −→ C is a weak Shimura curve over k. Note

the arguments before 6.2.7 still hold for the non-maximal Higgs field case. So E is isogenous to the tensor

product V ⊗ T with V a rank 2 Dieudonne crystal and T a rank 2m unit root crystal. Equivalently, there

exists a family of abelian varieties Y −→ C such that

Y [p∞] = G⊗H

where G is a height 2 BT group and H is a height 2m etale BT group. And the family Y −→ C induces a

morphism φ : C −→ A2m,d

Let us introduce the categories C and Ĉ, following the terminology of [44]. The objects of C are the

artinian local algebras R such that R/mR ∼= k. The morphisms in C are the homomorphisms of algebras.

Then Ĉ is defined as the category of complete noetherian local algebras R such that R/miR is in C for all i.

Again the morphisms are just the homomorphisms of algebras. Notice that C is a full subcategory in Ĉ. We

consider the R in Ĉ with their mR-adic topology; for R in C this is just the discrete topology.
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For any scheme Z0 over k, we define a formal deformation functor DefZ0 : C −→ Sets, given by

DefZ0
(R) =


isomorphism classes of pairs (Z,ψ), where Z is an scheme

over Spec R and ψ is an isomorphism ψ : Z ⊗ k ∼= Z0


In particular, we can define deformation functor DefX0,λ for an abelian scheme X0 and its polarization

λ. And we can extend these deformation functors to the category Ĉ by defining Def∗(R) as the projective

limit of the Def∗(R/miR).

Note the functor DefX0 is isomorphic to Hom(TpX0⊗TpXt
0, Ĝm) and the functor Def(X0,λ) is represented

by the formal completion of Ag,d,n at X0 which is a subformal torus of Hom(TpX0 ⊗ TpXt
0, Ĝm).

Proposition 6.3.1. Under the above assumption, if Y is not isotrivial, then the universal family over imφ

has maximal Higgs field.

Proof. Since Y −→ C is not isotrivial, the morphism φ is not a point. Then the Higgs field of im φ is not

zero.

For any closed point c ∈ C, let Gc be the restriction of the height 2 BT group G to the point c. Since Y

is not isotrivial, im (Spec ÔC,c −→ DefGc) has dimension ≥ 1. By [21], the local formal deformation space

DefGc over k is one-dimensional and isomorphic to k[[t]]. We know Spec ÔC,c −→ DefGc is a surjection.

Let λ be a polarization on Yc. Then Yc has two deformation spaces DefYc and DefYc,λ. And there exists

a natural embedding Def(Yc,λ) −→ DefYc .

Since Yc[p∞] ∼= Gc ⊗ Hc, by Serre-Tate theory(6.2.14), a deformation of Gc induces deformation of

Yc. Thereby we have a morphism between local deformation space Def(Gc) −→ Def(Yc) which is a local

embedding.

Consider

Spec ÔC,c

&&xxxx

Def(Gc) //

&&

Def(Yc, λ)
jJ

xx

Def(Yc) .

Since im(Spec ÔC,c −→ Def(Yc)) ∼= Def(Gc) and Def(Yc,λ) −→ DefYc is an embedding, we have a morphism

Def(Gc) −→ Def(Yc, λ). Thereby im (Spec ÔC,c −→ Def(Yc, λ)) ∼= Def(Gc) ∼= k[[t]]. Thus Oim φ,c maps

surjectively to Def(Gc) which implies the universal family over im φ̂ has maximal Higgs field.

Remark 6.3.2. Now denote im φ as C ′.



73

1. From the proof of 6.3.1, C ′ has at worst ordinary singularity.

2. We can apply the 6.2.15 to the normalization of C ′ and then obtain Y −→ C ′ is a semistable reduction

of a special Mumford curve in A2m,d,n ⊗ C.

Then the following proposition justifies the non-maximal Higgs field case.

Proposition 6.3.3. Notations as 1.0.2. If Y −→ C is another family of polarized abelian varieties over C

such that

1. Yc is ordinary for some closed point c ∈ C,

2. the image of C −→ A2m,d,n ⊗ k induced by Y is a reduction of a special Mumford curve,

3. f : Y −→X is an isogeny compatible with polarization.

Then the image of C −→ A2m,1,n induced by X /C is an irreducible component of a reduction of a special

Mumford curve.

The proof of 6.3.3 takes the rest of the chapter. First let us review the isogeny scheme, referring to [14].

6.3.4 The isogeny scheme

Let Isogg be the moduli stack of isogenies between polarized abelian schemes of relative dimension g, so that

for an arbitrary base S, Isogg(S) is the category in groupoids whose objects are the isogenies φ : A1 −→ A2

over S between polarized abelian schemes (A1 −→ S, λ1) and (A2 −→ S, λ2) of relative dimension g such

that φ∗λ2 = pe.λ1 for some e ∈ N. Here we do not require Ai to be principally polarized.

Assigning φ to its source(resp. target) defines a morphism pr1 :Isogg −→ Ag,d(resp. pr2 :Isogg −→ Ag,d′).

Bounding the degree of the isogeny gives a substack of Isogg. We write Isog(pl) for the stack of p-isogenies

of degree less than or equal to pl which is of finite type over Ag,d.

As a variant, we can take level structure into account. Choose an integer n > 3 and consider Ag,d,n.

Making isogenies compatible with level structures, we obtain a scheme Isog(pl) over Ag,d,n × Ag,d′,n. To

keep notations easy, we omit the subscripts n.

Let Isogo(pl)g (resp. Aog,d) denote the ordinary locus of Isogg(p
l) (resp. Ag,d) over any base, i.e., Ag,d

denote the open stack of Ag,d whose fibre in characteristics different from p coincide with Ag,d, while in the

fibre over Fp, the stack Aod,g denote the ordinary locus.

We need the following result to prove 6.3.3. To ease the notations, we do not write the bound of the

degree pl.
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Proposition 6.3.5. The projections pri : Isogog −→ Aog,1 are finite and flat.

Proof. This proposition is essentially the same as the Proposition 4.1(i) in the Chapter VII of [14]. Here we

give a proof.

It is known that the morphism Isogg −→ Ag,1 is proper. Let Y be any ordinary abelian variety over any

algebraically closed field. Note the degree of the isogeny is bounded and there is only finitely many subgroup

in Y [pn] ∼= Y et[pn] × Y mult[pn] ∼= µpn × Z/pn. Therefore the fibre of projection Isogg −→ Ag,1 over X is

finite which implies that pri : Isogog −→ Aog,1 is quasi-finite. So pri is a finite morphism.

Let η (resp. ξ) be a closed point in Ag,1(resp. Isogg) with stalk Aη(resp. Bξ) and assume pr(ξ) = η.

Since both Aη and Bξ are local rings, by local criterion of flatness, it suffices to show the image of Aη in Bξ

contains no zerodivisor. Then we can assume Aη and Bξ are complete with respect to the maximal ideals.

Let t be any element in the image of Aη and q be a minimal point in the zero set V (t) ⊂ Spec Bξ. Then

htq ≤ 1. Let p = q ∩Aη.

On the one hand, t is a zerodivisor if and only if ht q = 0.

On the other hand, for the principally polarized abelian variety X defined over Spec (Aη)p and an

isogeny g : X ⊗ k −→ Y over the special fibre of Spec (Aη)p. Let K = ker g and thus K ⊂ Xk[pe] ∼=

Xk[pe]mult×Xk[pe]et. Then correspondingly, K = Kmult×Ket. Since Aη is complete, the splitting Xk[pe] ∼=

Xk[pe]mult × Xk[pe]et can be extended to Spec (Aη)p. Since Ket is étale, it extends to a constant group

scheme over Spec (Aη)p. The group Kmult lifts uniquely to a subgroup scheme of Xk[pe]mult by the rigidity

of groups of multiplicative type. Then K can be lifted to Spec (Aη)p as a subgroup scheme. Thereby we

have a deformation of the BT group Y [p∞]. By Serre-Tate theory [33, Chapter 5, 1.6], the abelian variety

Y can be lifted to a formal abelian scheme over Spf(Aη)p. Since Y is principally polarized, any polarization

on Y can be lifted due to the uniqueness of the lifting of Y . Thus the isogeny ψ can be lifted.

Therefore the image of Spec (Bξ)q −→ Spec (Aη)p is not just the special fibre, i.e. ht(q) > 0. So pr is

flat over the point Y .

Remark 6.3.6. In the proof of 6.3.5, the principal polarization is only used in the last step, i.e. to lift the

polarization. Therefore, if X is principally polarized and the polarization λY satisfies

Y //

λY
��

X

λX
��

Y t Xtoo

is commutative, then the proof still works. So we have Isogog −→ Aog,deg λY
is also flat at the point corre-

sponding to Y .
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6.3.7 Proof of 6.3.3

Let K be the kernel of X −→ Y . In our case, we mainly focus on the Isog2m associated to A2m,1 and A2m,d

where d = 2|K|.

Isog2m

pr2

$$

pr1

zz

A2m,1 A2m,d

Let us denote the lifting of the image of C −→ A2m,d,n as C̃ and OC̃,η be the local ring of C̃ at η. The

isogeny Yη −→ Xη gives a point ξ ∈Isogo2m such that pr2(ξ) = η. By 6.3.6, pr2 is finite and flat over ξ.

Therefore there exists a local ring R such that subscheme Spec R ⊂Isog2m of dimension 1 with special fibre

ξ. Further, pr2(Spec R) = Spec OC̃,η.

Spec R

��

// Isog2m × C̃

��

// Isog2m

��

Spec OC̃,η // C̃ // A2m,d

Let C̃ ′ = (Spec R)− be the closure of Spec R in Isog2m × C̃ Then C̃ ′ admits a finite surjective morphism

to C̃. Then the morphism C̃ ′ −→ Isog2m induces a lifting

Ỹ ′ −→ X̃ ′

of the isogeny Y −→X to C̃ ′.

By 6.3.2, the family Ỹ −→ C̃ over W (k) whose generic fibre is a special Mumford curve in A2m,d,n ⊗C.

Note pr2(C̃ ′) = C̃ and hence pr1(C̃ ′) also has a special Mumford curve as the generic fibre. Note X̃ ′ −→

pr1(C̃ ′) is a lifting of the image of C −→ A2m,1,n,k. Since the reduction of C̃ ′ may be reducible, we can at

best have that the image of C −→ A2m,1,n,k is an irreducible component of the reduction. So X −→ C is a

weak Shimura curve over k.

Now we complete the proof of 1.0.2.
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Chapter 7

Crystalline Hodge cycles and l-adic

monodromy

In this chapter, we prove 1.0.3 and 1.0.4 by reducing them to 1.0.2. In the course of proof, we obtain an

equivalence 7.1.4 between simplicity of an abelian scheme and its corresponding F -isocrystal .

Let C be a smooth proper curve over F̄p with genus > 1 and X −→ C is a family of principally polarized

abelian fourfolds. Let E be the rank 8 Dieudonne crystal D(X/C). By comparing between l-adic and

crystalline Lefschetz Trace formulas, we can reduce 1.0.4 to 1.0.3. Since the family X −→ C is defined over

a finite field, for a large integer f , the category of F f -isocrystals over C forms a neutral Tannakian category.

We can induce from conditions (1) and (2) in 1.0.3 that E corresponds to a SL(2)×3-representation. After

taking a finite étale covering, E has the decomposition as assumed in 1.0.2.
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7.1 The structure of GE

In Section 7.1 and 7.2, we prove Theorem 1.0.3.

Note in the Tannakian formalism, the F f -crystal E gives rise to a linear algebraic group GE acting on

an 8-dimensional vector space E. We will prove GE is reductive, which follows from a general result 7.1.4.

Then conditions (2) and (3) can be translated to

dimB(k0)(∧4E)GE = 1,End(∧2E)GE ∼= Q×4
pf
.

Using the classification of representations of simple Lie algebras, we can show GE geometrically has

the shape of SL(2)×3 and E geometrically corresponds to a tensor product of three copies of standard

representations of SL(2).

The obstruction to descend the decomposition from C to the base field Qpf is a certain cohomology class

(see 7.2.1,7.2.3 and 7.2.4). It is where we have to choose a finite étale cover of C.

7.1.1 Simplicity of X/C

Proposition 7.1.2. Under the assumption of 1.0.3, there is no proper abelian subvariety Z ↪→ X over C.

Proof. If there exists a proper abelian subvariety Z ⊂ X, then by Poincare irreducibility theorem, we have

Z ′ ⊂ X and an isogeny g : X −→ Z × Z ′. The isogeny induces a morphism g∗ : H4
cris(Z × Z ′,O) −→

H4
cris(X,O). By Kunneth formula for crystalline cohomology,

H4
cris(Z × Z ′,O) = H4

cris(Z)⊕H4
cris(Z

′)⊕H2
cris(Z)⊗H2

cris(Z
′)⊕ · · · .

The self product of polarizations on Z and Z ′ gives the nontrivial elements in the second cohomology groups

which are all Frobenius eigen-elements. If dimZ ≥ 2, then H4
cris(Z)F−p

2

contains the self product of the

polarization. Thereby H4
cris(Z × Z ′,O)F−p

2

contains at least two linearly independent idempotents.

The Leray spectral sequence H4
cris(Z × Z ′,O) −→ H0((C/W )cris, R

4π∗(OZ×Z′)) induces diagram

H4
cris(Z × Z ′,O)F

f g∗
//

pr

��

H4
cris(X,O)F

f

��

H0((C/W )cris, R
4π∗(OZ×Z′))F

f
// H0((C/W )cris, R

4π∗(OX))F
f

.



78

The idempotents in H4
cris(Z × Z ′,O) gives linearly independent elements in

Γ((C/W )cris, R
4π∗(OX))F

f

.

Then dimQp Γ((C/W )cris, R
4π∗(OX))F

f ≥ 2 for any f , contradicting to condition (3) in 1.0.3.

7.1.3 GE reductive

We will show that GE is reductive. The idea is to show E is a faithful irreducible representation of GE .

Firstly we show the following general fact.

Theorem 7.1.4. The abelian scheme X/C is simple if and only if D(X/C) is an irreducible F -isocrystal

over C.

7.1.5 The proof of 7.1.4

If E is not irreducible, then there exists a F -isocrystal G such that E −→ G is surjective. The slopes of G are

between 0 and 1. Hence G has a model of F -crystal over C/W (k) (see Appendix A.2), which we still denote

as G. It is easy to show the Verschiebung V also descends to W (k) and hence G is a Dieudonne crystal.

However, the morphism between Dieudonne crystals

γ : E −→ G

may not be surjective. We only know that im γ ⊃ pkG for some integer k.

By [9, Main Theorem 1], γ corresponds to a morphism between BT groups:

ρ : B −→ X[p∞].

Since pkG ⊂ im γ, the kernel of ρ is a subgroup scheme of B[pk]. In particular, ker ρ is finite. Let η ∈ C

be the generic point. Though im ρ is merely an fppf abelian sheaf, its generic fibre im ρη ⊂ X[p∞]η is a BT

group. Further, due to the following lemma, we can further assume ρη is injective.

Lemma 7.1.6. The morphism ρ factors through a BT group B′ such that B′ −→ X[p∞] is generically

injective.

Proof. Let K = (ker ρη)− be the closure of ker ρη in B. Then K is a finite flat group scheme over C. Further,

ρ(K) = 0 since ρ(K)η = 0 and K is flat. Therefore K ⊂ ker ρ. Let B′ = B/K. Then B′ is a BT group and

ρ factors through B′.
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Since ρη is injective, ρη(Bη[pn])− = ρη(Bη)[pn]−. We denote it as Kn. Then Kn is a finite flat group

scheme over C. Therefore X[p∞]/Kn is a BT group and applying the crystalline Dieudonne functor gives

that Tn := D(X/Kn) is a finite locally free subsheaf of E . And they form a filtration T0 = E ⊃ · · · Tn−1 ⊃

Tn ⊃ Tn+1 · · · with subquotient Tn−1/Tn = D(Kn/Kn−1). Another filtration on E is that {In = γ−1(pnG)}.

Lemma 7.1.7. Tn ⊂ In.

Proof. On the side of BT groups, we have the following diagram:

B[pn] �
�

//
� _

��

Kn� _

��

B
ρ
//

����

X[p∞]

����

B // X[p∞]/Kn.

Dually, on the side of Dieudonne crystals,

D(B[pn]) D(Kn)oooo

G

OOOO

E

OOOO

γ
oo

G
?�

pn

OO

Tn.
?�

OO

oo

The above diagram gives that the image of Tn in D(B), composing the upper and right arrows, is contained

in pnG. Therefore Tn ⊂ In.

On one hand, we restrict the two diagrams above at the generic point η. Note γη is surjective.

D(Bη[pn]) D(Kn,η)
∼=oo

Gη

OOOO

Eη

OOOO

γη
oooo

Gη
?�

OO

Tn,η
?�

OO

oooo

Since Bη[pn] ∼= Kn,η, we have Eη/Tn,η ∼= D(Bη[pn]) ∼= Gη/pnGη ∼= Eη/In,η. We already have Tn ⊂ In. Hence

Tn,η = In,η.
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On the other hand, since D(Kn) is pn-torsion, pnE ⊂ Tn. Therefore Tn ⊗ OC̃ [ 1
p ] ∼= E ⊗ OC̃ [ 1

p ]. In

particular, Tn ⊗OC̃ [ 1
p ] ∼= In ⊗OC̃ [ 1

p ].

Therefore, Tn ⊂ In induces isomorphisms over generical fibre of C̃ and generic point of C. In particular,

it is isomorphic on every height 1 points in C̃.

Lemma 7.1.8. Let (D,m) be a regular local domain of dimension 2 and

0 −→M −→ N −→ Q −→ 0

be a short exact sequence of D-modules with M finite free, N torsion free and supp(Q) ⊂ {m}, then Q = 0.

Proof. Since D is regular of dimension 2, we have the reflexive module N∨∨ of N is free( [15, Chapter

2, Proposition 25]). The new short exact sequence 0 −→ M
T−→ N∨∨ −→ Q′ −→ 0 still satisfies that

supp(Q′) ⊂ {m}. Since N is torsion free, still by [15, Chapter 2, Corollary 21], we have N ⊂ N∨∨. Thereby

supp(Q) ⊂ supp(Q′). Note both of M and N∨∨ are free of the same rank and hence T can be represented

as a square matrix with entries in D. So the support of Q′ is the zero set of detT . But if detT is a nonunit,

then the dimension of the zero set Z(detT ) is of dimension 1. Hence Q = 0.

Corollary 7.1.9. Tn = In.

Proof. Localize the injection Tn ↪→ In at each closed point of C̃ and apply 7.1.8.

Let Jn be Kn/Kn−1.

Proposition 7.1.10. Jn ∼= Jn+1 if n large enough.

Proof. By 7.1.9, we have γ(Tn) = pnD(B)∩ γ(E). By Artin-Rees lemma, there exists an integer k such that

γ(Tn) = pn−kγ(Tk) for any integer n > k. Since via 7.1.9, ker γ ⊂ Tn for each n, Tn−1/Tn ∼= γ(Tn−1)/γ(Tn) ∼=

γ(Tk)⊗OC̃ [ 1
p ] ∼= γ(Tn−2)/γ(Tn−1) ∼= Tn−2/Tn−1. So Jn ∼= Jn+1 for n > k.

Fix the integer k in the proof of 7.1.10. Let ρη(Bη)− denote the union ∪nKn = ∪nρη(Bη[pn]) and J

denote ρη(Bη)−/Kk. Then we have

Proposition 7.1.11. J is a BT group over C.

Proof. Obviously ρη(Bη)−/Kk is p-torsion. And we have ρη(Bη)−/Kk[p] = Jk+1 is a finite locally free group

scheme. It remains to show that J is p-divisible. From Proposition 7.1.10, J [p2]
p−→ J [p] is surjective. Now we
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proceed by induction. Suppose J [pn]
p−→ J [pn−1] is surjective. The following diagram is always commutative:

J [pn]
p
// //

� _

��

J [pn−1]� _

��

J [pn+1]
p
// J [pn].

Again by 7.1.10, the induced morphism on cokernels J [pn+1]/J [pn] −→ J [pn]/J [pn−1] is isomorphic. Hence

J [pn+1]
p−→ J [pn] is surjective. Therefore J is p-divisible.

Note J is a subquotient BT group of X[p∞]. The following standard trick follows from the proof of

Theorem 2.6 in [10].

Let Zk = X/Kk. Then Zk is an abelian scheme over C and J is a sub BT group of Zk[p∞]. Put

Z ′n = Zk/J [pn]. We have an exact sequence of truncated BT group schemes of level 1 over C as follows

0 −→ J [p] −→ Zk[p] −→ Z ′n[p] −→ J [p] −→ 0.

And hence an exact sequence

0 −→ ωJ −→ ωZ′n −→ ωZk −→ ωJ −→ 0.

We conclude that det(ωZ′n) ∼= det(ωZk) independent of n. It is known ( [48]) that this implies there are only

a finite number of isomorphism classes of abelian schemes among Z ′n. So we can find an abelian scheme

Z ′l such that there exists infinitely many fn ∈ Hom(Zk, Z
′
l) such that ker fn = J [pn]. Fix a fn0 . And let

gn ∈ End(Zk) be (fn0
)−1 ◦ fn. Then ker gn[p∞] is an extension of a fixed finite group scheme and J [pn]. Let

g be the limit of gn in End(Zk) and hence ker g[p∞] is an extension of a finite group scheme and J . Therefore

im g ⊂ Zk is a proper subvariety. Since Zk and X are isogenous, g induces a morphism in End(X/C) which

is not surjective. It contradicts to the assumption X/C is simple.

This is the end of the proof of 7.1.4.

Now let us consider the specific crystal E in 1.0.3. Recall that Guniv is the group scheme corresponding

to F f − Isocris(C). Let E be the representation corresponding to E and GE = im (Guniv −→ Aut(E)).

Lemma 7.1.12. Notation as above, we have dimQ
pf

(∧4E)GE = 1 and Qpf ⊗ End(∧2E)GE ∼= Q×4
pf

as

algebras.
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Proof. Condition (2) is equivalent to dimQ
pf

Γ((C/W )cris,∧4E(2f))F
f ⊗Qpf = 1. The space

Γ((C/W )cris, (∧4E)(2f))F
f

consists of invariant elements in (∧4E)(2f). The representation associated to ∧4E(2f) is E ⊗χ2f where χ is

the character of Puniv corresponding to Tate twist. Then dimQ
pf

(E ⊗ χ2f )Puniv = 1. Note Tate twist only

affects the weight, dimQ
pf

(E)G = dimQ
pf

(E)Puniv = dimQ
pf

(E ⊗ χ)Puniv = 1.

The isomorphism Qpf ⊗ End(∧2E)G ∼= Q×4
pf

follows directly.

Proposition 7.1.13. The representation E is irreducible.

Proof. If E is not an irreducible GE-representation, then E has a proper sub-representation. Let V be an

irreducible sub-representation of E with the smallest dimension. Then V gives a proper sub object V ⊂ E

with minimal rank. Since F : Eσ −→ E is an isomorphism between isocrystals, F (Vσ) is also irreducible of

the smallest rank and hence F (Vσ) ∩ V = 0. Consider
∑
n F

n(Vσn). It is a proper sub-isocrystal of E and

invariant under F . By 7.1.4,
∑
n F

n(Vσn) = E . As a quotient of the sum of irreducible elements,

E ∼= ⊕i∈IVσ
i

for some index set I.

Therefore E ∼= ⊕iVi. Since each Vi has the same rank, the number of direct summands is either 1, 2, 4

or 8. This number is not greater than 2 otherwise it violates End(∧2E)GE ∼= Q×4
pf

. If there are two direct

summands, let

E ∼= V1 ⊕ V2.

Note E admits a symplectic form λ and (∧4E)GE is generated by the self-product of λ.

If λ preserves the direct summands V1 and V2, then in the decomposition

∧4E ∼= ∧4V1 ⊕ ∧4V2 ⊕ · · · ,

the self product λ2 has nontrivial components in ∧4V1 and ∧4V2. Let λ2
1 and λ2

2 be the two components.

Then both of them are invariant under GE , contradicting to dimQ
pf

(∧4E)GE = 1.

If the polarization does not preserve the direct summands, then λ induces isomorphisms V1 −→ V2
∨ and

V2 −→ V ∨1 . Note ∧2E ∼= ∧2V1 ⊕ ∧2V2 ⊕ V1 ⊗ V2 and there is a surjection

S2(∧2E) −→ ∧4E,w1.w2 7→ w1 ∧ w2.
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And then λ2 lies in

S2(V1 ⊗ V2) ∼= S2V1 ⊗ S2V2 ⊕ ∧2V1 ⊗ ∧2V2.

Let the λ2
1 and λ2

2 be the image λ in the two components in S2(V1⊗V2). Then they are invariant under GE ,

again contradicting to dimQ
pf

(∧4E)GE = 1.

Corollary 7.1.14. The group GE is reductive.

Proof. Note GE is reductive if GE admits a faithful and completely reducible representation.

7.1.15 GE nonsimple

Since X/C is polarized, the F -isocrystal E admits a non-degenerate alternating form( [2, Section 5.1]). So

E also admits an alternating form which is preserved by GE . Therefore the action of GE factors through

Sp(8,Qpf ). Then the reductive Lie algebra gE factors through sp(8).

Proposition 7.1.16. GE is not simple and the semisimple part (gE)ssC
∼= sl(2)×3.

Proof. If GE is simple, then the Lie algebra gE is a simple subalgebra of sp(8,Qpf ). Then condition 7.1.12

can be stated in terms of Lie algebra:

dimQ
pf

(∧4E)gE = 1,End(∧2E)gE ∼= Q×4
pf
.

Base change to C. By Appendix A.1, there is no simple complex Lie algebras satisfying the conditions

above. Therefore GEC is not simple. Then the semisimple part gssC = sl(2) × sl(2) × sl(2) and EC =

E1 ⊗ E2 ⊗ E3 where Ei is the standard representation of sl(2). Therefore

∧2 EC ∼= (S2E1 ⊗ S2E2 ⊗ ∧2E3)⊕ (∧2E1 ⊗ S2E2 ⊗ S2E3)⊕

(S2E1 ⊗ ∧2E2 ⊗ S2E3)⊕ (∧2E1 ⊗ ∧2E2 ⊗ ∧2E3) (7.1)

as direct sum of irreducible representations. Therefore EndGE (∧2E)C ∼= C⊕4 and ∧2E1 ⊗ ∧2E2 ⊗ ∧2E3 is

the polarization.

For gE , Endg(∧2E) ∼= Q×4
pf

. Therefore each of the 4 components of ∧2EC is defined over Qpf . Note they

are all nonfaithful nontrivial representations of g. Thereby g and then GE is not simple.

So the Lie algebra gssE = g1 × · · · × gn. Then E = E1 ⊗ · · · ⊗ En, where n ≥ 2, the gi are simple Lie

algebras and Ei is a faithful representation of gi. Clearly at least one of the Ei say E1, has dimension 2, and

this implies that g1 = sl(2). Then E2 ⊗ · · · ⊗ En is a 4-dimensional representation of g2 × · · · × gn. Since
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E1 is already symplectic, E2 ⊗ · · · ⊗En must be orthogonal. For simplicity, let h = g2 × · · · × gn which acts

orthogonally on E2 ⊗ · · · ⊗ En. Let us denote it as W .

Corollary 7.1.17.

∧2 E ∼= Qpf ⊕W1 ⊗W2 ⊕W1 ⊗W3 ⊕W2 ⊗W3 (7.2)

over Qpf where each Wi is a dimension 3 representation of GE. Further Wi admits a symmetric product.

Proof. Since E = E1 ⊗Q
pf
W , ∧2E ∼= S2W ⊕ S2E1 ⊗ ∧2W . Let W1 be S2E1. Since the four idemponents

in EndGE (∧2E)C are defined over Qpf , comparing with the decomposition over C, ∧2W is the direct sum of

two rank 3 representations, say W2, W3 and then

∧2E = S2W ⊕W1 ⊗W2 ⊕W2 ⊗W3.

As a subrepresentation of ∧2E, W1 ⊗W2 admits a symmetric product. Therefore S2(W1 ⊗W2) has a

one-dimensional trivial direct summand. Note

S2(W1 ⊗W2) = S2W1 ⊗ S2W2 ⊕ ∧2W1 ⊗ ∧2W2

= (Qpf ⊕W ′1)⊗ S2W2 ⊕ ∧2W1 ⊗ ∧2W2

where W ′1 is irreducible. The 1-dimensional direct summand can only come from Qpf ⊗ S2W2. Therefore

S2W2 has a one-dimensional trivial direct summand and hence W2, as well as W3, also admits a symmetric

product.

However, we don’t know whether Ei are defined over Qpf yet. So we can not write Wi as S2Vi for some

rank 2 representation Vi. To remedy this situation, we take an étale covering of C and increase the power f

if necessary.

7.2 The choice of the étale covering

In this section, we show how to choose the étale covering of C for the existence of Vi.

We consider a more general setting: if we have a rank 3 F f -isocrystal W with symmetric product, when

can we write W as S2V for some rank 2 F f -isocrystal V which corresponds to a SL(2)-representation? If

not in general, we compute the obstruction.

Firstly as crystals, W corresponds to a bundle with an integrable connection over C̃.
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Proposition 7.2.1. The obstruction o1 to the existence of a rank 2 bundle V over C̃ such that W = S2V[ 1
p ]

is in H2
et(C̃, µ2).

Proof. Note the symmetric form (, ) gives an element in OP(W)(2). So it defines a conic bundle over C̃. If

this conic bundle is isomorphic to P(V) for some bundle V on C̃, then W ∼= S2V and the symmetric product

(, ) on W is a scalar multiple of S2 <,> where <,> is an alternating form on V. So the obstruction is just

the special Brauer class in H2
et(C̃, µ2).

From the proof, if W = S2V, we have (, ) = aS2 <,> for some a ∈ Q∗pf . In particular, (x2, x2) = 0 for

any local section x of V.

Remark 7.2.2. For the dimension 3 PGL(2)-representation W and standard representation V of SL(2),

W = S2V and there exists a 2-uple embedding P(V ) ∼= P1 ↪→ P(W ).

Proposition 7.2.3. If o1 = 0, then there exists a rank 2 bundle with connection (V,∇V) on C̃ such that

S2V ∼=W as modules with connection.

Proof. If o1 = 0, the let V be the rank 2 bundle on C̃ such that S2V ∼= W over C̃[ 1
p ]. For any affine open

subset U ⊂ C̃ such that V(U) and Ω1
C̃

(U) are free, suppose TC̃(U) is generated by τ . Let N = V(U) and

M = W(U). For any section x ∈ N , x2 ∈ M . Since ∇W is compatible with the symmetric product and

(x2, x2) = 0, ((∇W)τ (x2), x2) = 0. Then (∇W)τ (x2) = x.v for some local section v of N [ 1
p ]. Define a map

∇V locally as (∇V)τ (x) = v. It is easy to check ∇V is a well-defined connection and it can be defined globally

over C̃[ 1
p ]. Further it is easy to show S2∇V = ∇W .

From S2N [ 1
p ] ∼= M [ 1

p ], there is an injective morphism S2N −→ M . Now locally over U , let N ′ =∑
n(∇V)

(n)
τ (N) and (S2N)′ =

∑
n(∇V)

(n)
τ (S2N). Then N ⊂ N ′ ⊂ N [ 1

p ]. Since (S2N)′ ⊂ (S2N)[ 1
p ] ∩M ,

(S2N)′ is noetherian and hence there exists k0 such that (S2N)′ ⊂ 1
pk0

S2N .

Next we prove N ′ is also finitely generated. Choose generators {x, y} of N . For simplicity, we use ∇ to

denote (∇V)τ . Then ∇x
∇y

 = A

(
x

y

)

where A is a 2×2 matrix with entries in OU [ 1
p ]. Then roughly

(
∇nx
∇ny

)
= (∇nA+ · · ·+An)

(
x

y

)
.

For any z ∈ N ′(resp. (S2N)′), let the order ord(z) of z be the minimal integer −k such that z ∈ p−kN

(resp. p−kS2N). Similarly, the order ord(A) of a matrix A is the minimal integer among the orders of its
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entries. Let A = pord(A)

a b

c d

.

We explore some identities of the order. Obviously ord(zz′) = ord(z) + ord(z′), ord(AB) ≤ ord(A) +

ord(B). Since ∇ commutes with p, ord(∇nA) = ord(A) for any n and ord(A∇A) = ord(A2).

If the sequence {ord(An)} is bounded below, then by the identities above, ord(
(∇nx
∇ny

)
) is also bounded

below. Thus N ′ is finitely generated.

Now we assume {ord(An)} is not bounded below. By direct computation, it is easy to show the sequence

{ord(An)} is strictly decreasing. Without loss of generality, we can assume ord(∇x) = ord(A). Then

ord((1, 0)An) = ord(An). Since

∇n(x) = (1, 0)(∇nA+ nA∇nA+ · · ·+An)

(
x

y

)
,

ord(∇nx) = ord(An). Consider ∇n(x2) = 2
∑n
k=0∇k(x)∇n−k(x). The order of the product ∇k(x)∇n−k(x)

is given by (1, 0)Ak
(
x
y

)
.(1, 0)An−k

(
x
y

)
.

Let Ak = pord(Ak)

ak bk

ck dk

. Then

∇n(x2) = [(
∑

akan−k)x2 + 2(
∑

akbn−k)xy + (
∑

bkbn−k)y2]pord(An) + lower order terms .

Note ∇n(x2) ∈ (S2N)′ ⊂ pk0S2N . For n large, the coefficient of pord(An) has to be zero. Since x2, xy, y2

are basis of S2N , we have ∑
akan−k =

∑
akbn−k =

∑
bkbn−k = 0.

Repeat the analysis for ∇n(xy) and ∇n(y2). We have for n large, the following terms

∑
akcn−k,

∑
bkdn−k,

∑
ckcn−k,

∑
dkdn−k,

∑
ckdn−k,

∑
(akdn−k + bkcn−k)
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are all zero. Note An = pord(An)

∑ akan−k + bkcn−k
∑
akbn−k + bkdn−k∑

ckan−k + dkcn−k
∑
ckbn−k + dkdn−k

 for any k ≤ n. Thus

nAn = pord(An)

∑k akan−k + bkcn−k
∑
k akbn−k + bkdn−k∑

k ckan−k + dkcn−k
∑
k ckbn−k + dkdn−k


= pord(An)

∑k bkcn−k 0

0
∑
k ckbn−k

 . (7.3)

In particular, for n large, An is always diagonal which implies A has to be diagonal, i.e. bk = ck = 0. Then

An is further the zero matrix, contradiction to the assumption {ord(An)} not bounded below.

Hence N ′ is finitely generated.

Since C̃ is a regular dimension 2 scheme, similar to the proof of 7.1.8, the double dual N ′∨∨ is locally

free which also admits a connection.

Since all the arguments above are canonical, the existence holds globally.

Therefore there is no obstruction to the connection. Now since the étale cohomology group H2
et(C̃, µ2) is

killed by any 2:1 étale covering of C. So over any 2:1 étale covering C ′ of C, there exists a rank 2 crystal V

such that S2V ∼=WC′ . Next we consider the Frobenius.

Proposition 7.2.4. There exists an étale covering C ′ −→ C such that over C ′, there is a rank 2 F f -

isocrystal V with S2V =WC′ .

Proof. By 7.2.1, 7.2.3, we can choose any 2:1 covering killing the obstruction to the existence of a crystal.

So we assume there exists crystal V such that S2V =W over C̃.

Notations as in the proof of 7.2.3, we choose an open affine subset U = Spec A ⊂ C̃ and N = V(U),M =

W(U). So S2N = M . Let σ̃ be the lifting of σ to U . NoteW is an F f -isocrystal. Without loss of generality,

we can assume f = 1 and then FM : M σ̃ −→M and it is compatible with the symmetric forms (, ) and (, )σ̃.

Shrinking U if necessary, assume further N is free and generated by (x, y). Then correspondingly, M is

generated by (x2, xy, y2). Since (x2, x2) = 0, (FM (x2), FM (x2)) = 0. Thereby FM (x2) is contained in the

conic bundle. Because the obstruction o1 is trivial, FM (x2) comes from a square of some element in N . Thus

FM (x2) is also a square up to a scalar: FM (x2) = λx′2. Similarly, FM (y2) = µy′2. Here x′.y′ are elements

in N and λ, µ ∈ A[ 1
p ]∗. Since (xy, x2) = (xy, y2) = 0, FM (xy) = νx′y′.

Note x2 + sxy + y2 is also a square in M and thus

FM (x2 + sxy + y2) = λx′2 + 2νx′y′ + µy′2



88

is also a square up to scalar. We can rewrite it as

FM (x2) = ωx′′2

FM (xy) = ωx′′y′′

FM (y2) = ωy′′2

for some ω ∈ A[ 1
p ]∗. Therefore we choose FN such that FN (x) = x′′ and FN (y) = y′′ and

FM = ωS2FN .

We also need the FN to be horizontal. Note

∇W(FM (x2)) = ∇W(ωx2) = dω ⊗ x′2 + ω(2x′)∇Vx′

and

∇W(FM (x2)) = FM (∇V(x2)) = FM (2x∇Vx) = 2ωFN (x)FN (∇Vx).

Similarly, we can compute for FM (y2). So FN commutes with ∇ if dω = 0.

Write ω = pv.u where u ∈ A∗. If v is not even, then consider F 2
M instead of FM in which case ω is

replaced by σ̃(ω)ω = p2vu′. So we can assume v is even.

For the unit u, there exists 2:1 étale covering U ′
f−→ U (note p > 2), such that f∗(u) is a square in A′∗.

Then f∗(ω) = pvf∗(u) is a square ω′2. Adjust FN such that FN (x) = ω′x′′, FN (y) = ω′y′′. Then

FM = S2FN

and FN is compatible with the connection ∇V and alternating form <,>.

Now we consider the global case. For any affine covering C̃ = ∪iUi, there exist 2:1 covering U ′i −→ Ui

such that we can find FN,i with FM = S2FN,i. Over U ′i ×C U ′j , S2FN,i = S2FN,j and thus FN,i = τFN,j

with τ2 = 1, i.e.

τ ∈ µ2(A[
1

p
]) = µ2(A) = µ2(A/p).

Therefore the obstruction of the existence of FV is in H1
et(C, µ2). This étale cohomology group can be

killed by some 2:1 étale covering of C.

Each Wi in (7.2) corresponds to a rank 3 isocrystal Wi over C with a symmetric form. Hence we can

choose a finite étale covering C ′ −→ C. The base change of Wi to C ′ are the second power symmetric
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product of some rank 2 isocrystals S2Vi.

Remark 7.2.5. In the rest of the chapter, we consider all the datum base change to C ′ and use E ′, E′, G′E

to denote the pullback of E , E,GE to C ′.

7.3 Proof of 1.0.3

In this section, we will show that as an F f -isocrystal over the étale covering C ′ of C, E has a tensor

decomposition V1 ⊗ V2 ⊗ V3.

In the Tannakian formalism, the representation Vi corresponding to Vi is dimension 2 with an alternating

form and S2Vi = Wi. Therefore P ′univ acting on Vi factors through SL(2) and then the Tannakian group of

V1 ⊗ V2 ⊗ V3 is im (P ′univ −→ SL(2)×3). Now (7.2) transforms to

∧2 E′ ∼= ∧2V1 ⊗ ∧2V2 ⊗ ∧2V3 ⊕ S2V1 ⊗ S2V2 ⊗ ∧2V3 ⊕ S2V1 ⊗ ∧2V2 ⊗ S2V3 ⊕ ∧2V1 ⊗ S2V2 ⊗ S2V3. (7.4)

Thus we have the commutative diagram:

G′E

&&

P ′univ

::

$$

PGL(2)×3

SL(2)×3

88

Remark 7.3.1. For E, we have

P ′univ� _

��

$$

Aut(E)

Puniv

::

which induces G′E ↪→ GE . Since dimP ′univ = dimPuniv, we have dimG′E = dimGE .

Lemma 7.3.2. The map G′E −→ PGL(2)×3 is surjective.

Proof. From (7.2), we know that ker(G′E −→ PGL(2)×3) = ker(G′E −→ Aut(∧2E′)). Since E′ is a faithful

representation of G′E , the kernel is just ±I.
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By 7.3.1, since dim gssC = 9, dimG′der
E = dimGder

E = 9. Hence im (G′E −→ PGL(2)×3) has dimension 9.

Since PGL(2) is simple, it must be surjective.

Since SL(2) is simply connected as an algebraic group and both of SL(2)×3 and G′der
E are finite covering

of PGL(2)×3, there is a natural surjection SL(2)×3 −→ G′der
E with kernel isomorphic to µ2 × µ2. Then

im (SL(2)×3 −→ Aut(V1 ⊗ V2 ⊗ V3)) ∼= G′E .

Since the action of G′derE on E′ is absolutely irreducible, the center Z(G′E) acts as scalars on E′. So the

action of G′E on E′ is the same as SL(2)×3 up to a character on G′E . Let χ be the character.

Now we have two morphisms from P ′univ to G′E , one induced by V1 ⊗ V2 ⊗ V3 and the other induced by

E ′. Denote them by f1, f2 respectively:

P ′univ

f1
++

f2

33 G
′
E .

For any g ∈ P ′univ, f1(g) = χ(g)f2(g), i.e. the image of

P ′univ
f1×f2−−−−→ G′E ×G′E

is contained in ∆∪∆′ where ∆′ = {(g, χ(g)g)|g ∈ G′E}. The image is isomorphic to a subgroup of G′E ×Gm.

Proposition 7.3.3. There exists an F f - isocrystal L such that

V1 ⊗ V2 ⊗ V3
∼= E ′ ⊗ L

as F f -isocrystals.

Proof. Consider the sub Tannakian category generated by {V1⊗V2⊗V3, E ′}. The group corresponds to this

sub category is given by

im (P ′univ −→ Aut(V1 ⊗ V2 ⊗ V3)×G′E) ↪→ G′E ×Gm.



91

Hence we have

G′E

P ′univ
// G′E ×Gm

pr
::

m
$$

G′E

where pr is the first factor projection while m is the multiplication. Through m, V1⊗V2⊗V3
∼= E ′⊗L where

L is a rank 1 F f -isocrystal.

Replace V3 by V3 ⊗ L−1 and we still denote it as V3. Summarize the results and we have the following

theorem.

Theorem 7.3.4. There exists a finite étale covering C ′ of C such that after base change to cris(C ′/W (k)),

we have an isomorphism of F f -isocrystals:

V1 ⊗ V2 ⊗ V3
∼= E ′

where rank Vi = 2.

Theorem 7.3.4 follows from 1.0.2. It finishes the proof of 1.0.3.

7.4 Frobenius eigenvalues on ∧4E or End(∧2E)

We prove 1.0.4 in Section 7.4, 7.5 and 7.6. In this section, we compute the dimension of Frobenius eigenspace

at the target spaces and the corresponding eigenvalues.

Recall the short exact sequence

1 −→ πgeom
1 (C, ξ̄) −→ π1(C, ξ̄) −→ Gal(F̄q/Fq) −→ 1.

The Zariski closure Ggeom
l , of ρ(πgeom

1 (C, ξ̄)) is a normal subgroup of Gl. Since El is pure, it follows from [12,

1.3.9, 3.4.1(iii)] that Ggeom
l is semisimple. The connected component of identity Ggeom,o

l is the derived group

of Gol .

Since Ggeom,o
l ⊗ C ⊂ GL(8,C) is SL(2,C)×3 modulo finite central elements, Gl ⊗ C ⊂ GL(8,C) is

contained in the normalizer C∗.SL(2,C)×3 o S3. Taking some finite étale covering of C if necessary, we can

assume that Gl ⊗ C is a subgroup of C∗.SL(2)×3.
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Remark 7.4.1. If we assume Ggeom
l ⊗ C is entirely contained in SL(2,C)×3, then we only need to enlarge

the base field Fq to kill the S3 part.

For every closed point c of C, the action of Fc on El c ∼= H1
et(Xc̄,Ql) is semisimple (see [6]). Therefore Fc

acts on ∧4El,c and End(∧2El,c) semisimply.

Firstly let us consider the space

H0
et(CF̄q ,E nd(∧2El)) ∼= End(∧2(El,c))π

geom
1 (C,c̄).

Since Fc acts on End(∧2El,c) semisimply, we can calculate its eigenvalues over C.

Let V be the dimension 2 standard representation of SL(2,C). Condition (1) of Theorem 1.0.4 shows

that El.c ⊗ C ∼= V ⊗3 is the tensor product of three standard representations of SL(2,C). So base change to

C,

H0
et(CF̄q ,E nd(∧2El))⊗ C ∼= End(∧2(V ⊗3))SL(2,C)×3

.

As a representation of SL(2,C)×3, ∧2(V ⊗3) decomposes into four distinct irreducible components

∧2(V ⊗3) ∼= ⊕4
i=1Wi.

There W1,W2,W3 are all S2V ⊗ S2V and W4 is the trivial representation of SL(2,C)×3. Yet W1,W2,W3

are pairwisely non-isomorphic SL(2,C)×3 representations.

Let pk (ik, resp.) be the projection from ∧2(V ⊗3) to Wk (inclusion from Wk to ∧2(V ⊗3), resp.). We

have

End(∧2(V ⊗3))SL(2,C)×3 ∼= ⊕4
k=1(ik ◦ idWk

◦ pk).

Note each idWk
is invariant under the action of SL(2,C)×3 and the scalar multiplication on WK . Thus idWk

is further invariant under the action of Gl. In particular, the Frobenius Fc fixes each idVi . So the invariant

space H0
et(CF̄q ,E nd(∧2El))F has dimension 4.

Secondly,

H0
et(CF̄q ,∧

4El) = (∧4El c)π
geom
1 (C,ξ̄).

Similarly, base change to C and it is isomorphic to ∧4(V ⊗3)SL(2,C)×3

. One can directly compute by hand,

or see the proof of Theorem 4.1 in [38] to conclude that this space only has dimension 1 which is generated

by the polarization. Therefore the corresponding Frobenius eigenvalues are q2.
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In summary, we have the following results:

dimH0
et(CF̄q ,E nd(∧2El))F = 4,

dimH0
et(CF̄q ,∧

4El)F−q
2

= 1.

(7.5)

7.5 Comparison of Lefschetz Trace Formulas

In this section, we compare Lefschetz Trace Formulas to obtain a similar result to (7.5) in the case of

crystalline cohomology.

We firstly consider Ep := R1πcris,∗(OX). Since σ is the identity on Fq, the absolute Frobenius F acts

linearly on Ep,c. Since the local crystalline characteristic polynomial coincides with the l-adic one ( [22, 1.3.5])

det(1− tF |Ep c) = det(1− tF |El,c), (7.6)

the eigenvalues of F on El,c and Ep c are identical.

Let Fl be either ∧4El or E nd(∧2El). Since El comes from geometry, by Deligne’s Weil II, the l-adic

relative Lefschetz Trace Formula provides

∏
c∈C

det(1− tF |Fl,c) =
∏
i

det(1− tF |Hiet(CF̄q ,Fl)
)(−1)i .

In the p-adic case, we still use Fp to represent either ∧4Ep or E nd(∧2Ep). Since Ep is a Dieudonne

crystal, Fp is automatically overconvergent. By a theorem of Etesse and le Stum ( [25, 2.1.2]), we also have

a Lefschetz Trace Formula within crystalline cohomology setting

∏
c∈C

det(1− tF |Fp,c) =
∏
i

det(1− tF |Hicris(C/Zq,Fp))
(−1)i .

Combining with equality (7.6), we have

∏
i

det(1− tF |Hiet(CF̄q ,Fl)
)(−1)i =

∏
i

det(1− tF |Hicris(C/Zq,Fp))
(−1)i . (7.7)

By Deligne’s Weil II [12], the étale cohomology groups Hi
et(CF̄q ,Fl) is pure of weight i+ j where Fl has

weight j. Since Fp is pointwisely pure, by [25, Theorem 5.3.2], Hi
cris(C/Zq,Fp) has the purity which implies,

on each side of equality (7.7), there is no cancellation between the numerator and the denominator. All zeros
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or poles have the expected complex norms. Then we have the following termwise equality from (7.7).

det(1− tF |Hiet(CF̄q ,Fl)
) = det(1− tF |Hicris(C/Zq,Fp)). (7.8)

Note the crystalline Frobenius acts semisimply on each fiber Fp,c [13, Page 372, Lemma 2.10]. So the

eigenvalues of F on H0(C/Zq,∧4Ep) ⊗ Qq and H0(C/Zq,E nd(∧2Ep)) ⊗ Qq are identical as on their l-adic

counterparts. In particular,

dimH0(C/Zq,∧4Ep)F−q
2

⊗Qq = 1,

dimQq H
0(C/Zq,E nd(∧2Ep))F ⊗Qq = 4.

(7.9)

7.6 Proof of 1.0.4

In order to apply 1.0.3, we need to prove that End0(∧2Ep)F ∼= Q×4
q as algebras.

7.6.1 Frobenius Torus

By [45, Theorem 2], Q[F ] ∼=
∏
Ki where Ki are number fields. The multiplicative group Q[F ]∗ defines a

Q-torus

T =
∏
i

ResKi/Q(Gm).

Viewing F as an element in Gl, T can be regarded as the Q-model of the connected component of 1 in the

Zariski closure of the set {ρ(F )n|n ∈ Z} in Gl (cf. [5, Chapter II, Section 13, Proposition 3]). In particular,

T is contained in a maximal torus of Gl.

By [7, Theorem 3.7] and Chebotarev density theorem for the function field, generic points c on C satisfy

that Fc generates a maximal torus. For every c, the torus T is defined over Q. We say T is unramified over

Qp if the splitting field of T is unramified over prime p, and equivalently, the eigenvalues of Fc are unramified

over p.

Remark 7.6.2. Varying the prime l, we obtain a compatible system of l-adic representation as stated

in [28, 6.5]. The existence of a point c satisfying (3) in 1.0.4 requires Gl to be unramified over Qp.

On one hand, by [28, Proposition 8.9] and [29, Proposition 1.2, Theorem 3.2], for a subset of primes l of

density 1(or even l large enough), Gl is unramified over Ql. However, we start with a fixed prime p. Most

results in the two paper have involved Dirichlet density restriction and hence can not be applied directly to

our case.

On the other hand, we expect that if Gl is unramified over Qq, then there always exists a closed point c

satisfying (3) in 1.0.4.
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We also think generic ordinary property of X −→ C should also provide more information on Frobenius

eigenvalues.

7.6.3 Eigenvalues of Fc on Ep c

Note up to now, we have not used condition (2) and (3) in 1.0.4. Under the condition (2), by 7.6.1, we

always can find c such that Xc ordinary and ρ(Fc) a maximal torus. Further with the condition (3), there

exists a closed point c which satisfies the following two conditions:

1. Xc is ordinary,

2. the Frobenius torus T is a maximal torus in Gl.

Now we study the eigenvalues of the Frobenius on the fibre over c. Since Xc is ordinary, Ep c is the

product of a unit root crystal Uc and its dual U∨c . Let λ1, · · · , λ4 be the eigenvalues of Fc on Uc. Then on

U∨c , the eigenvalues of Fc are
q

λi
. Since Uc is a unit root crystal, λi are all p-adic units. Since Ep c has pure

weight 1, λi all have complex norm q
1
2 .

By 7.6, the Frobenius Fc also has eigenvalues λ1, · · · , λ4,
q

λ1
, · · · , q

λ4
on El,c. Since the Frobenius torus

is the maximal torus, the Frobenius eigenvalues λi correspond to the weights in the SL(2)×3 representation

V ⊗3. Let a, b, c be the three highest weights in the three standard representation of SL(2,C). Then the

eight weights of V ⊗3 are of the form ±a± b± c and they have a configuration as vertices of a cube. In this

cube, the four p-adic units λ1, · · · , λ4 lie in the same face. Without loss of generality, we can assume that

λ1 corresponds to the highest weight a+ b+ c and λ2, λ3, λ4 correspond to a+ b− c, a+ c− b and a− b− c.

Then the only relation between λ1, · · · , λ4 is λ1λ4 = λ2λ3. So we have the following lemma.

Lemma 7.6.4. Under the above choice of c, the eigenvalues λi have no relations other than those generated

by λi
q

λi
= q and λ1λ4 = λ2λ3.

Remark 7.6.5. Lemma 7.6.4 also follows from the arguments in [40, Section 4].

Proposition 7.6.6.

End0(∧2Ep)F ∼= Q×4
q

as algebras.

Proof. From 7.1.16 or basic representation theory of SL(2), we know the condition 7.9 implies

End(∧2Ep)F ⊗Qq C ∼= C×4
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as algebras. In particular, the algebra End(∧2Ep)F is commutative. Therefore End0(∧2Ep)F is a product of

fields.

Note ∧2Ep has the polarization as a direct summand. So

End(∧2Ep)F ∼= Q×4
q ,Qq ×K or Q×2

q × L

where K is a degree 3 field extension of Qq and L has degree 2. Comparing with the decomposition over C,

there exists ηK ∈ K or ηL ∈ L such that imηK and imηL are subcrystals in ∧2Ep. Further, rank imηK = 27

and rank im ηL = 18.

If K or L is unramified over Qq, then by enlarging f in q = pf , it becomes a product of copies of Qq.

Therefore we only need to consider the case K or L ramified over Qq. Since p 6= 2 or 3, we can assume

L ∼= Qq(
√
p) and K ∼= Qq( 3

√
p) and we can choose ηK = 3

√
p, ηL =

√
p.

Note Ep c ∼= Uc⊕U∨c . Since the eigenvalues have distinct p-adic values, there is no Fc-invariant morphisms

between ∧2Uc,∧2U∨c and Uc ⊗ U∨c . Thus we have the decomposition

End(∧2Ep)F −→ End(∧2Ep c)F ∼= End(∧2Uc)⊕ End(∧2U∨c )⊕ End(Uc ⊗ U∨c ).

The restriction of F to End(∧2Ep c) is just as Fc. Then by 7.6.4, all the eigenvalues of F on ∧2Uc are

λ1λ2, · · · , λ3λ4 and there is no more relations between the eigenvalues of ∧2Uc other than λ4λ1 = λ2λ3. So

each eigenspace Uλiλj has dimension 1 except for (1, 4) or (2, 3). Thereby

End(∧2Uc)F ∼= ⊕(i,j)6=(1,3),(2,4)End(Uλiλj )⊕ End(Uλ1λ3
)

∼= ⊕(i,j)6=(1,3),(2,4)Qq(λiλj)⊕M2(Qq(λ1λ4)). (7.10)

Since the four eigenvalues λi are all unramified over Qq and L or K is ramified, the image of the composition

L or K −→ End(∧2Ep)F −→ End(∧2Uc)F

lies only in End(Uλ1λ4
) ∼= M2(Qq(λ1λ4)). Otherwise, it would induce an embedding L or K ↪→ Qq(λiλj).

In particular, ηK |∧2Uc or ηL|∧2Uc has only rank 2.

Restricted to point c, the image of ηK has dimension at most only 20. Contradiction.

For L, we know that ηL|Uc⊗U∨c is a surjection. Note the eigenvalues of Fc on Uc ⊗U∨c have the form
qλi
λj

.
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Again by 7.6.4, among these eigenvalues,
qλ1

λ4
has only multiplicity 1. Therefore

End(Uc ⊗ U∨c )F ∼= End(U qλ1
λ4

)⊕ · · · ∼= Qq(
qλ1

λ4
)⊕ · · ·

as algebras. Since Qq( qλ1

λ4
) is unramified over Qq, the image of L in End(Uc⊗U∨c )F excludes End(U qλ1

λ4

) and

hence ηL can not be a surjection. The contradiction concludes the proof.

Now we have reduced 1.0.4 to 1.0.3 and thus it finishes the proof.
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Appendix A

A.1 A classification result on complex simple Lie algebra repre-

sentation

We classify all complex simple Lie algebras g with an irreducible faithful symplectic 8-dimensional represen-

tation. In other words, we look for an embedding of g −→ sp(8) such that the standard representation of

sp(8) is g-irreducible.

Since g is simple, dim g ≥ 2. Note rank(g) ≤ rank(sp(8)) = 4.

If rank(g) = 4, the adjusting by conjugation, we can assume the embedding g −→ sp(8) maps the

Cartan subalgebra of g into Cartan subalgebra of sp(8), with the direct sum of positive roots g+ to sp(8)+,

g− to sp(8)−. Hence each root space of g maps to a root space of sp(8), which induces a map between

Dynkin diagrams. Comparing the Dynkin diagrams of A4, B4, D4 with sp(8) yields that none of them can

be embedded into sp(8).

Therefore the only possible Lie algebras are A1, A2, A3, B2, B3, C3, C4.

In each of the following cases, let V always denote the standard representation of corresponding Lie

algebras.

1. A1 = sl(2).

The unique 8-dimension irreducible representation of sl(2) is the symmetric power S7V . Since sl(2) ∼=

sp(1), S7V is symplectic.

Now consider ∧4(S7V )sl(2). By [16, 11.35], ∧4(S7V ) ∼= S4(S4V ). Counting the dimension of each

weight spaces yields the decomposition

S4(S4V ) ∼= V16 ⊕ V12 ⊕ V10 ⊕ V8 ⊕ V6 ⊕ V ⊕2
4 ⊕ V ⊕3

0 .
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Therefore dimC ∧4(S7V )sl(2) = 3 which is too big.

2. A2 = sl(3)

By [16, 15.17], for any irreducible representation Γa,b with highest weight aL1 − bL3, the dimension

dimC Γa,b = (a+ b+ 2)(a+ 1)(b+ 1)/2. Then Γa,b is 8-dimensional if and only if a = b = 1. Note Γ1,1

is nothing but the adjoint representation of sl(3) which is the traceless subrepresentation of End(V ).

So it has a nondegenerate symmetric, not alternating form. Therefore sl(3) does not have a symplectic

irreducible representation.

3. A3 = sl(4)

Still by [16, 15.17], dim Γa1,a2,a3
= (a1 +1)(a2 +1)(a3 +1)(a1 +a2 +2)(a2 +a3 +2)(a1 +a2 +a3 +3)/12

where each ai is a nonnegative integer. No such ai makes dim Γa1,a2,a3
= 8. Hence sl(4) has no

8-dimensional irreducible representation.

4. B2 = so(5)

By [16, 24.30], dim Γa1,a2
= (a1 + 1)(a1 + a2 + 2)(2a1 + a2 + 3)(a2 + 1)/6. No ai makes it dimension

8. So B2 has no irreducible representation of dimension 8.

5. B3 = so(7)

Again by [16, 24.30], dim Γa1,a2,a3 = (a1 + 1)(a3 + 1)2(a1 + a2 + 2)(a1 + 2a2 + a3 + 4)(a1 + a2 + a3 +

3)(a2 + a3 + 2)(2a1 + 2a2 + a3 + 5)(2a2 + a3 + 3)/720. Still no ai make it 8. Therefore B3 has no

8-dimensional irreducible representation.

6. C3 = sp(6)

By [16, 24.20], dim Γa1,a2,a3 = (a3 + 1)(a2 + a3 + 2)(a1 + a2 + a3 + 3)(a1 + 1)(a2 + 1)(a1 + a2 + 2)(a1 +

2a2 + 2a3 + 5)(a1 + a2 + 2a3 + 4)(a2 + 2a3 + 3)/720. No ai make it 8. Hence sp(6) has no irreducible

8-dimensional representation.

7. C4 = sp(8)

Then the second exterior product of standard representation ∧2V decomposes to ∧2V ∼= C⊕W with

W irreducible sp(8)-representation. So Endsp(8)(∧2V ) = 2 < 3.

A.2 Crystal model

Assume we have a F -isocrystal V over C. Then it is a prior a crystal over C. Locally, it corresponds to a

module with connection (M.∇) over C̃ such that M ⊗B(k) admits a σ-linear morphism F . The point is to
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descend the Frobenius F .

Though F may not descend to M , we can consider M ′ =
∑
n F

(n)(M). Then M ⊂ M ′ ⊂ M ⊗ B(k0).

One can mimic the the proof of [24], Theorem 2.6.1 to show M ′ is finitely generated provided that all slopes

are nonnegative.

Since C̃ is regular of dimension 2, taking the double dual M ′∨∨ gives a locally free sheaf over C̃.

If V is an isocrystal with slopes between 0 and 1, then we can further choose a morphism V : V −→ Vσ

such that V ◦ F = F ◦ V = p. Hence such an isocrystal has a model of Dieudonne crystal.
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